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(Fig. 15.1). When the spring is neither stretched nor compressed, the block is at rest 
at the position called the equilibrium position of the system, which we identify as 
x 5 0 (Fig. 15.1b). We know from experience that such a system oscillates back and 
forth if disturbed from its equilibrium position.
 We can understand the oscillating motion of the block in Figure 15.1 qualita-
tively by first recalling that when the block is displaced to a position x, the spring 
exerts on the block a force that is proportional to the position and given by Hooke’s 
law (see Section 7.4):

 Fs 5 2kx (15.1)

We call Fs a restoring force because it is always directed toward the equilibrium 
position and therefore opposite the displacement of the block from equilibrium. 
That is, when the block is displaced to the right of x 5 0 in Figure 15.1a, the posi-
tion is positive and the restoring force is directed to the left. When the block is 
displaced to the left of x 5 0 as in Figure 15.1c, the position is negative and the 
restoring force is directed to the right.
 When the block is displaced from the equilibrium point and released, it is a 
particle under a net force and consequently undergoes an acceleration. Applying 
the particle under a net force model to the motion of the block, with Equation 15.1 
providing the net force in the x direction, we obtain

o Fx 5 max   S   2kx 5 max

 ax 5 2
k
m x (15.2)

That is, the acceleration of the block is proportional to its position, and the direc-
tion of the acceleration is opposite the direction of the displacement of the block 
from equilibrium. Systems that behave in this way are said to exhibit simple har-
monic motion. An object moves with simple harmonic motion whenever its accel-
eration is proportional to its position and is oppositely directed to the displacement 
from equilibrium.
 If the block in Figure 15.1 is displaced to a position x 5 A and released from 
rest, its initial acceleration is 2kA/m. When the block passes through the equilib-
rium position x 5 0, its acceleration is zero. At this instant, its speed is a maxi-
mum because the acceleration changes sign. The block then continues to travel 
to the left of equilibrium with a positive acceleration and finally reaches x 5 2A, 
at which time its acceleration is 1kA/m and its speed is again zero as discussed in 
Sections 7.4 and 7.9. The block completes a full cycle of its motion by returning to 
the original position, again passing through x 5 0 with maximum speed. There-
fore, the block oscillates between the turning points x 5 6A. In the absence of 
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Pitfall Prevention 15.1
The Orientation of the Spring Fig-
ure 15.1 shows a horizontal spring, 
with an attached block sliding on 
a frictionless surface. Another 
possibility is a block hanging from 
a vertical spring. All the results we 
discuss for the horizontal spring 
are the same for the vertical 
spring with one exception: when 
the block is placed on the vertical 
spring, its weight causes the spring 
to extend. If the resting position 
of the block is defined as x 5 0, 
the results of this chapter also 
apply to this vertical system.
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x(t) = cos(!t)

x(t) = A cos(!t)

x(t) = B sin(!t)

x(t) = A cos(!t) +B sin(!t)

É solução da equação 
diferencial e tem duas 
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Como a equação diferencial é de 
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x(t) = A cos(!t) +B sin(!t)

⇢
A = C sin �
B = C cos �

Se fizermos a mudança de variáveis:

⇢
A = C cos �
B = �C sin �Se fizermos a mudança de variáveis:

x(t) = C sin � cos(!t) + C cos � sin(!t)

x(t) = C cos � cos(!t)� C sin � sin(!t)

x(t) = C cos(!t+ �)

x(t) = C sin(!t+ �)



Fase do movimento

x(t) = A cos(!t+ �)

Movimento harmónico simples

Amplitude Frequência angular
Fase na origem

x(t) = A sin(!t+ �)
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Q uick Quiz 15.4  An object of mass m is hung from a spring and set into oscilla-
tion. The period of the oscillation is measured and recorded as T. The object 
of mass m is removed and replaced with an object of mass 2m. When this object 
is set into oscillation, what is the period of the motion? (a) 2T   (b) !2 T    (c) T   
(d) T/!2   (e) T/2

 Equation 15.6 describes simple harmonic motion of a particle in general. Let’s 
now see how to evaluate the constants of the motion. The angular frequency v is 
evaluated using Equation 15.9. The constants A and f are evaluated from the ini-
tial conditions, that is, the state of the oscillator at t 5 0.
 Suppose a block is set into motion by pulling it from equilibrium by a distance A 
and releasing it from rest at t 5 0 as in Figure 15.6. We must then require our solu-
tions for x(t) and v(t) (Eqs. 15.6 and 15.15) to obey the initial conditions that x(0) 5 
A and v(0) 5 0:

x(0) 5 A cos f 5 A

 v(0) 5 2vA sin f 5 0 

These conditions are met if f 5 0, giving x 5 A cos vt as our solution. To check this 
solution, notice that it satisfies the condition that x(0) 5 A because cos 0 5 1.
 The position, velocity, and acceleration of the block versus time are plotted in 
Figure 15.7a for this special case. The acceleration reaches extreme values of 7v2A 
when the position has extreme values of 6A. Furthermore, the velocity has extreme 
values of 6vA, which both occur at x 5 0. Hence, the quantitative solution agrees 
with our qualitative description of this system.
 Let’s consider another possibility. Suppose the system is oscillating and we define 
t 5 0 as the instant the block passes through the unstretched position of the spring 
while moving to the right (Fig. 15.8). In this case, our solutions for x(t) and v(t) 
must obey the initial conditions that x(0) 5 0 and v(0) 5 vi:

 x(0) 5 A cos f 5 0 

 v(0) 5 2vA sin f 5 vi 

 The first of these conditions tells us that f 5 6p/2. With these choices for f, the 
second condition tells us that A 5 7vi/v. Because the initial velocity is positive and 
the amplitude must be positive, we must have f 5 2p/2. Hence, the solution is

 x 5
vi

v
 cos avt 2

p

2
b  

The graphs of position, velocity, and acceleration versus time for this choice of t 5 0 
are shown in Figure 15.7b. Notice that these curves are the same as those in Figure 
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Figure 15.5  Graphical repre-
sentation of simple harmonic 
motion. (a) Position versus time. 
(b) Velocity versus time. (c) Accel-
eration versus time. Notice that at 
any specified time the velocity is 
908 out of phase with the position 
and the acceleration is 1808 out of 
phase with the position.
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Figure 15.7  (a) Position, velocity, and acceleration versus time for the block in Figure 15.6 under 
the initial conditions that at t 5 0, x(0) 5 A, and v(0) 5 0. (b) Position, velocity, and acceleration ver-
sus time for the block in Figure 15.8 under the initial conditions that at t 5 0, x(0) 5 0, and v(0) 5 vi.

Figure 15.6 A block–spring 
system that begins its motion from 
rest with the block at x 5 A at t 5 0.
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Figure 15.8 The block–spring 
system is undergoing oscillation, 
and t 5 0 is defined at an instant 
when the block passes through the 
equilibrium position x 5 0 and is 
moving to the right with speed vi.
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either the positive or negative x direction. The constant v is called the angular fre-
quency, and it has units1 of radians per second. It is a measure of how rapidly the 
oscillations are occurring; the more oscillations per unit time, the higher the value 
of v. From Equation 15.4, the angular frequency is

 v 5 Å k
m  (15.9)

 The constant angle f is called the phase constant (or initial phase angle) and, 
along with the amplitude A, is determined uniquely by the position and velocity of 
the particle at t 5 0. If the particle is at its maximum position x 5 A at t 5 0, the 
phase constant is f 5 0 and the graphical representation of the motion is as shown 
in Figure 15.2b. The quantity (vt 1 f) is called the phase of the motion. Notice 
that the function x(t) is periodic and its value is the same each time vt increases by 
2p radians.
 Equations 15.1, 15.5, and 15.6 form the basis of the mathematical representation 
of the particle in simple harmonic motion model. If you are analyzing a situation 
and find that the force on an object modeled as a particle is of the mathematical 
form of Equation 15.1, you know the motion is that of a simple harmonic oscillator 
and the position of the particle is described by Equation 15.6. If you analyze a sys-
tem and find that it is described by a differential equation of the form of Equation 
15.5, the motion is that of a simple harmonic oscillator. If you analyze a situation 
and find that the position of a particle is described by Equation 15.6, you know the 
particle undergoes simple harmonic motion.

Q uick Quiz 15.2  Consider a graphical representation (Fig. 15.3) of simple har-
monic motion as described mathematically in Equation 15.6. When the particle 
is at point ! on the graph, what can you say about its position and velocity?  
(a) The position and velocity are both positive. (b) The position and velocity 
are both negative. (c) The position is positive, and the velocity is zero. (d) The 
position is negative, and the velocity is zero. (e) The position is positive, and the 
velocity is negative. (f) The position is negative, and the velocity is positive.

Q uick Quiz 15.3  Figure 15.4 shows two curves representing particles under-
going simple harmonic motion. The correct description of these two motions 
is that the simple harmonic motion of particle B is (a) of larger angular  
frequency and larger amplitude than that of particle A, (b) of larger angular  
frequency and smaller amplitude than that of particle A, (c) of smaller angu-
lar frequency and larger amplitude than that of particle A, or (d) of smaller 
angular frequency and smaller amplitude than that of particle A.

1We have seen many examples in earlier chapters in which we evaluate a trigonometric function of an angle. The 
argument of a trigonometric function, such as sine or cosine, must be a pure number. The radian is a pure number 
because it is a ratio of lengths. Angles in degrees are pure numbers because the degree is an artificial “unit”; it is not 
related to measurements of lengths. The argument of the trigonometric function in Equation 15.6 must be a pure 
number. Therefore, v must be expressed in radians per second (and not, for example, in revolutions per second) if t 
is expressed in seconds. Furthermore, other types of functions such as logarithms and exponential functions require 
arguments that are pure numbers.

Figure 15.2 (a) An x–t graph 
for a particle undergoing simple 
harmonic motion. The amplitude 
of the motion is A, and the period 
(defined in Eq. 15.10) is T. (b) The 
x–t graph for the special case in 
which x 5 A at t 5 0 and hence  
f 5 0.

x

A

–A

t

x

A

–A

t

T

a

b

t

x

!

Figure 15.3  (Quick Quiz 15.2) 
An x–t graph for a particle under-
going simple harmonic motion. 
At a particular time, the particle’s 
position is indicated by ! in the 
graph.
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Figure 15.4  (Quick Quiz 15.3) 
Two x–t graphs for particles under-
going simple harmonic motion. 
The amplitudes and frequencies 
are different for the two particles.

 Let us investigate further the mathematical description of simple harmonic 
motion. The period T of the motion is the time interval required for the particle 
to go through one full cycle of its motion (Fig. 15.2a). That is, the values of x and v 
for the particle at time t equal the values of x and v at time t 1 T. Because the phase 
increases by 2p radians in a time interval of T,

 [v(t 1 T) 1 f] 2 (vt 1 f) 5 2p 
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either the positive or negative x direction. The constant v is called the angular fre-
quency, and it has units1 of radians per second. It is a measure of how rapidly the 
oscillations are occurring; the more oscillations per unit time, the higher the value 
of v. From Equation 15.4, the angular frequency is

 v 5 Å k
m  (15.9)

 The constant angle f is called the phase constant (or initial phase angle) and, 
along with the amplitude A, is determined uniquely by the position and velocity of 
the particle at t 5 0. If the particle is at its maximum position x 5 A at t 5 0, the 
phase constant is f 5 0 and the graphical representation of the motion is as shown 
in Figure 15.2b. The quantity (vt 1 f) is called the phase of the motion. Notice 
that the function x(t) is periodic and its value is the same each time vt increases by 
2p radians.
 Equations 15.1, 15.5, and 15.6 form the basis of the mathematical representation 
of the particle in simple harmonic motion model. If you are analyzing a situation 
and find that the force on an object modeled as a particle is of the mathematical 
form of Equation 15.1, you know the motion is that of a simple harmonic oscillator 
and the position of the particle is described by Equation 15.6. If you analyze a sys-
tem and find that it is described by a differential equation of the form of Equation 
15.5, the motion is that of a simple harmonic oscillator. If you analyze a situation 
and find that the position of a particle is described by Equation 15.6, you know the 
particle undergoes simple harmonic motion.

Q uick Quiz 15.2  Consider a graphical representation (Fig. 15.3) of simple har-
monic motion as described mathematically in Equation 15.6. When the particle 
is at point ! on the graph, what can you say about its position and velocity?  
(a) The position and velocity are both positive. (b) The position and velocity 
are both negative. (c) The position is positive, and the velocity is zero. (d) The 
position is negative, and the velocity is zero. (e) The position is positive, and the 
velocity is negative. (f) The position is negative, and the velocity is positive.

Q uick Quiz 15.3  Figure 15.4 shows two curves representing particles under-
going simple harmonic motion. The correct description of these two motions 
is that the simple harmonic motion of particle B is (a) of larger angular  
frequency and larger amplitude than that of particle A, (b) of larger angular  
frequency and smaller amplitude than that of particle A, (c) of smaller angu-
lar frequency and larger amplitude than that of particle A, or (d) of smaller 
angular frequency and smaller amplitude than that of particle A.

1We have seen many examples in earlier chapters in which we evaluate a trigonometric function of an angle. The 
argument of a trigonometric function, such as sine or cosine, must be a pure number. The radian is a pure number 
because it is a ratio of lengths. Angles in degrees are pure numbers because the degree is an artificial “unit”; it is not 
related to measurements of lengths. The argument of the trigonometric function in Equation 15.6 must be a pure 
number. Therefore, v must be expressed in radians per second (and not, for example, in revolutions per second) if t 
is expressed in seconds. Furthermore, other types of functions such as logarithms and exponential functions require 
arguments that are pure numbers.

Figure 15.2 (a) An x–t graph 
for a particle undergoing simple 
harmonic motion. The amplitude 
of the motion is A, and the period 
(defined in Eq. 15.10) is T. (b) The 
x–t graph for the special case in 
which x 5 A at t 5 0 and hence  
f 5 0.
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Figure 15.3  (Quick Quiz 15.2) 
An x–t graph for a particle under-
going simple harmonic motion. 
At a particular time, the particle’s 
position is indicated by ! in the 
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Figure 15.4  (Quick Quiz 15.3) 
Two x–t graphs for particles under-
going simple harmonic motion. 
The amplitudes and frequencies 
are different for the two particles.

 Let us investigate further the mathematical description of simple harmonic 
motion. The period T of the motion is the time interval required for the particle 
to go through one full cycle of its motion (Fig. 15.2a). That is, the values of x and v 
for the particle at time t equal the values of x and v at time t 1 T. Because the phase 
increases by 2p radians in a time interval of T,
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either the positive or negative x direction. The constant v is called the angular fre-
quency, and it has units1 of radians per second. It is a measure of how rapidly the 
oscillations are occurring; the more oscillations per unit time, the higher the value 
of v. From Equation 15.4, the angular frequency is

 v 5 Å k
m  (15.9)

 The constant angle f is called the phase constant (or initial phase angle) and, 
along with the amplitude A, is determined uniquely by the position and velocity of 
the particle at t 5 0. If the particle is at its maximum position x 5 A at t 5 0, the 
phase constant is f 5 0 and the graphical representation of the motion is as shown 
in Figure 15.2b. The quantity (vt 1 f) is called the phase of the motion. Notice 
that the function x(t) is periodic and its value is the same each time vt increases by 
2p radians.
 Equations 15.1, 15.5, and 15.6 form the basis of the mathematical representation 
of the particle in simple harmonic motion model. If you are analyzing a situation 
and find that the force on an object modeled as a particle is of the mathematical 
form of Equation 15.1, you know the motion is that of a simple harmonic oscillator 
and the position of the particle is described by Equation 15.6. If you analyze a sys-
tem and find that it is described by a differential equation of the form of Equation 
15.5, the motion is that of a simple harmonic oscillator. If you analyze a situation 
and find that the position of a particle is described by Equation 15.6, you know the 
particle undergoes simple harmonic motion.

Q uick Quiz 15.2  Consider a graphical representation (Fig. 15.3) of simple har-
monic motion as described mathematically in Equation 15.6. When the particle 
is at point ! on the graph, what can you say about its position and velocity?  
(a) The position and velocity are both positive. (b) The position and velocity 
are both negative. (c) The position is positive, and the velocity is zero. (d) The 
position is negative, and the velocity is zero. (e) The position is positive, and the 
velocity is negative. (f) The position is negative, and the velocity is positive.

Q uick Quiz 15.3  Figure 15.4 shows two curves representing particles under-
going simple harmonic motion. The correct description of these two motions 
is that the simple harmonic motion of particle B is (a) of larger angular  
frequency and larger amplitude than that of particle A, (b) of larger angular  
frequency and smaller amplitude than that of particle A, (c) of smaller angu-
lar frequency and larger amplitude than that of particle A, or (d) of smaller 
angular frequency and smaller amplitude than that of particle A.

1We have seen many examples in earlier chapters in which we evaluate a trigonometric function of an angle. The 
argument of a trigonometric function, such as sine or cosine, must be a pure number. The radian is a pure number 
because it is a ratio of lengths. Angles in degrees are pure numbers because the degree is an artificial “unit”; it is not 
related to measurements of lengths. The argument of the trigonometric function in Equation 15.6 must be a pure 
number. Therefore, v must be expressed in radians per second (and not, for example, in revolutions per second) if t 
is expressed in seconds. Furthermore, other types of functions such as logarithms and exponential functions require 
arguments that are pure numbers.
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harmonic motion. The amplitude 
of the motion is A, and the period 
(defined in Eq. 15.10) is T. (b) The 
x–t graph for the special case in 
which x 5 A at t 5 0 and hence  
f 5 0.
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An x–t graph for a particle under-
going simple harmonic motion. 
At a particular time, the particle’s 
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Figure 15.4  (Quick Quiz 15.3) 
Two x–t graphs for particles under-
going simple harmonic motion. 
The amplitudes and frequencies 
are different for the two particles.

 Let us investigate further the mathematical description of simple harmonic 
motion. The period T of the motion is the time interval required for the particle 
to go through one full cycle of its motion (Fig. 15.2a). That is, the values of x and v 
for the particle at time t equal the values of x and v at time t 1 T. Because the phase 
increases by 2p radians in a time interval of T,

 [v(t 1 T) 1 f] 2 (vt 1 f) 5 2p 
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either the positive or negative x direction. The constant v is called the angular fre-
quency, and it has units1 of radians per second. It is a measure of how rapidly the 
oscillations are occurring; the more oscillations per unit time, the higher the value 
of v. From Equation 15.4, the angular frequency is

 v 5 Å k
m  (15.9)

 The constant angle f is called the phase constant (or initial phase angle) and, 
along with the amplitude A, is determined uniquely by the position and velocity of 
the particle at t 5 0. If the particle is at its maximum position x 5 A at t 5 0, the 
phase constant is f 5 0 and the graphical representation of the motion is as shown 
in Figure 15.2b. The quantity (vt 1 f) is called the phase of the motion. Notice 
that the function x(t) is periodic and its value is the same each time vt increases by 
2p radians.
 Equations 15.1, 15.5, and 15.6 form the basis of the mathematical representation 
of the particle in simple harmonic motion model. If you are analyzing a situation 
and find that the force on an object modeled as a particle is of the mathematical 
form of Equation 15.1, you know the motion is that of a simple harmonic oscillator 
and the position of the particle is described by Equation 15.6. If you analyze a sys-
tem and find that it is described by a differential equation of the form of Equation 
15.5, the motion is that of a simple harmonic oscillator. If you analyze a situation 
and find that the position of a particle is described by Equation 15.6, you know the 
particle undergoes simple harmonic motion.

Q uick Quiz 15.2  Consider a graphical representation (Fig. 15.3) of simple har-
monic motion as described mathematically in Equation 15.6. When the particle 
is at point ! on the graph, what can you say about its position and velocity?  
(a) The position and velocity are both positive. (b) The position and velocity 
are both negative. (c) The position is positive, and the velocity is zero. (d) The 
position is negative, and the velocity is zero. (e) The position is positive, and the 
velocity is negative. (f) The position is negative, and the velocity is positive.

Q uick Quiz 15.3  Figure 15.4 shows two curves representing particles under-
going simple harmonic motion. The correct description of these two motions 
is that the simple harmonic motion of particle B is (a) of larger angular  
frequency and larger amplitude than that of particle A, (b) of larger angular  
frequency and smaller amplitude than that of particle A, (c) of smaller angu-
lar frequency and larger amplitude than that of particle A, or (d) of smaller 
angular frequency and smaller amplitude than that of particle A.

1We have seen many examples in earlier chapters in which we evaluate a trigonometric function of an angle. The 
argument of a trigonometric function, such as sine or cosine, must be a pure number. The radian is a pure number 
because it is a ratio of lengths. Angles in degrees are pure numbers because the degree is an artificial “unit”; it is not 
related to measurements of lengths. The argument of the trigonometric function in Equation 15.6 must be a pure 
number. Therefore, v must be expressed in radians per second (and not, for example, in revolutions per second) if t 
is expressed in seconds. Furthermore, other types of functions such as logarithms and exponential functions require 
arguments that are pure numbers.
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f 5 0.

x

A

–A

t

x

A

–A

t

T

a

b

t

x

!

Figure 15.3  (Quick Quiz 15.2) 
An x–t graph for a particle under-
going simple harmonic motion. 
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Two x–t graphs for particles under-
going simple harmonic motion. 
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are different for the two particles.

 Let us investigate further the mathematical description of simple harmonic 
motion. The period T of the motion is the time interval required for the particle 
to go through one full cycle of its motion (Fig. 15.2a). That is, the values of x and v 
for the particle at time t equal the values of x and v at time t 1 T. Because the phase 
increases by 2p radians in a time interval of T,
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 15.3 Energy of the Simple Harmonic Oscillator 459

We see that K and U are always positive quantities or zero. Because v2 5 k/m, we can 
express the total mechanical energy of the simple harmonic oscillator as

E 5 K 1 U 5 1
2kA2 3sin2 1vt 1 f 2 1 cos2 1vt 1 f 2 4

From the identity sin2 u 1 cos2 u 5 1, we see that the quantity in square brackets is 
unity. Therefore, this equation reduces to

 E 5 1
2kA2 (15.21)

That is, the total mechanical energy of a simple harmonic oscillator is a constant of 
the motion and is proportional to the square of the amplitude. The total mechani-
cal energy is equal to the maximum potential energy stored in the spring when x 5 
6A because v 5 0 at these points and there is no kinetic energy. At the equilibrium 
position, where U 5 0 because x 5 0, the total energy, all in the form of kinetic 
energy, is again 12kA2.
 Plots of the kinetic and potential energies versus time appear in Figure 15.9a, 
where we have taken f 5 0. At all times, the sum of the kinetic and potential ener-
gies is a constant equal to 12kA2, the total energy of the system.
 The variations of K and U with the position x of the block are plotted in Figure 
15.9b. Energy is continuously being transformed between potential energy stored 
in the spring and kinetic energy of the block.
 Figure 15.10 on page 460 illustrates the position, velocity, acceleration, kinetic 
energy, and potential energy of the block–spring system for one full period of the 
motion. Most of the ideas discussed so far are incorporated in this important fig-
ure. Study it carefully.
 Finally, we can obtain the velocity of the block at an arbitrary position by express-
ing the total energy of the system at some arbitrary position x as

 E 5 K 1 U 5 1
2mv 2 1 1

2kx 2 5 1
2kA2 

 v 5 6Å k
m

1A2 2 x2 2 5 6v"A2 2 x2 (15.22)

When you check Equation 15.22 to see whether it agrees with known cases, you 
find that it verifies that the speed is a maximum at x 5 0 and is zero at the turning 
points x 5 6A.
 You may wonder why we are spending so much time studying simple harmonic 
oscillators. We do so because they are good models of a wide variety of physical 
phenomena. For example, recall the Lennard–Jones potential discussed in Exam-
ple 7.9. This complicated function describes the forces holding atoms together. 
 Figure 15.11a on page 460 shows that for small displacements from the equilibrium  
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 15.4 Comparing Simple Harmonic Motion with Uniform Circular Motion 463

(which is why we use the same symbol). The phase constant f for simple harmonic 
motion corresponds to the initial angle OP makes with the x axis. The radius A of 
the reference circle equals the amplitude of the simple harmonic motion.
 Because the relationship between linear and angular speed for circular motion 
is v 5 rv (see Eq. 10.10), the particle moving on the reference circle of radius A has 
a velocity of magnitude vA. From the geometry in Figure 15.14c, we see that the x 
component of this velocity is 2vA sin(vt 1 f). By definition, point Q has a velocity 
given by dx/dt. Differentiating Equation 15.23 with respect to time, we find that the 
velocity of Q is the same as the x component of the velocity of P.
 The acceleration of P on the reference circle is directed radially inward toward 
O and has a magnitude v2/A 5 v2A. From the geometry in Figure 15.14d, we see 
that the x component of this acceleration is 2v2A cos(vt 1 f). This value is also the 
acceleration of the projected point Q along the x axis, as you can verify by taking 
the second derivative of Equation 15.23.

Q uick Quiz 15.5  Figure 15.15 shows the position of an object in uniform circular 
motion at t 5 0. A light shines from above and projects a shadow of the object 
on a screen below the circular motion. What are the correct values for the ampli-
tude and phase constant (relative to an x axis to the right) of the simple harmonic 
motion of the shadow? (a) 0.50 m and 0 (b) 1.00 m and 0 (c) 0.50 m and p  
(d) 1.00 m and p
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A particle is at 
point P at t ! 0.

At a later time t, the x 
coordinates of points P 
and Q are equal and are 
given by Equation 15.23.

The x component of 
the velocity of P equals 
the velocity of Q.

The x component of the 
acceleration of P equals 
the acceleration of Q.
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Figure 15.14  Relationship between the uniform circular motion of a point P and the simple harmonic motion of a point Q. A particle at P 
moves in a circle of radius A with constant angular speed v. 
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Figure 15.15  (Quick Quiz 
15.5) An object moves in circular 
motion, casting a shadow on the 
screen below. Its position at an 
instant of time is shown.

Example 15.4   Circular Motion with Constant Angular Speed 

The ball in Figure 15.13 rotates counterclockwise in a circle of radius 3.00 m with a constant angular speed of 
8.00 rad/s. At t 5 0, its shadow has an x coordinate of 2.00 m and is moving to the right.

(A)  Determine the x coordinate of the shadow as a function of time in SI units.

Conceptualize  Be sure you understand the relationship between circular motion of the ball and simple harmonic 
motion of its shadow as described in Figure 15.13. Notice that the shadow is not at is maximum position at t 5 0.

Categorize  The ball on the turntable is a particle in uniform circular motion. The shadow is modeled as a particle in simple 
harmonic motion.

AM

S O L U T I O N

continued

Partícula está em P 
no instante t=0

Unless otherwise noted, all content on this page is © Cengage Learning.

 15.4 Comparing Simple Harmonic Motion with Uniform Circular Motion 463

(which is why we use the same symbol). The phase constant f for simple harmonic 
motion corresponds to the initial angle OP makes with the x axis. The radius A of 
the reference circle equals the amplitude of the simple harmonic motion.
 Because the relationship between linear and angular speed for circular motion 
is v 5 rv (see Eq. 10.10), the particle moving on the reference circle of radius A has 
a velocity of magnitude vA. From the geometry in Figure 15.14c, we see that the x 
component of this velocity is 2vA sin(vt 1 f). By definition, point Q has a velocity 
given by dx/dt. Differentiating Equation 15.23 with respect to time, we find that the 
velocity of Q is the same as the x component of the velocity of P.
 The acceleration of P on the reference circle is directed radially inward toward 
O and has a magnitude v2/A 5 v2A. From the geometry in Figure 15.14d, we see 
that the x component of this acceleration is 2v2A cos(vt 1 f). This value is also the 
acceleration of the projected point Q along the x axis, as you can verify by taking 
the second derivative of Equation 15.23.

Q uick Quiz 15.5  Figure 15.15 shows the position of an object in uniform circular 
motion at t 5 0. A light shines from above and projects a shadow of the object 
on a screen below the circular motion. What are the correct values for the ampli-
tude and phase constant (relative to an x axis to the right) of the simple harmonic 
motion of the shadow? (a) 0.50 m and 0 (b) 1.00 m and 0 (c) 0.50 m and p  
(d) 1.00 m and p

v

P

P

x QO

Ay t ! 0

 ! "t

O

P
vx

vx QO

y

x

y

x

y

x

A

P

QO

y

x

ax

ax

f

fu

u

v v ! Av a ! 2Av

vS

aS 

A particle is at 
point P at t ! 0.

At a later time t, the x 
coordinates of points P 
and Q are equal and are 
given by Equation 15.23.

The x component of 
the velocity of P equals 
the velocity of Q.

The x component of the 
acceleration of P equals 
the acceleration of Q.

a b c d

Figure 15.14  Relationship between the uniform circular motion of a point P and the simple harmonic motion of a point Q. A particle at P 
moves in a circle of radius A with constant angular speed v. 

Ball

Screen

Turntable

0.50 m

Lamp

Figure 15.15  (Quick Quiz 
15.5) An object moves in circular 
motion, casting a shadow on the 
screen below. Its position at an 
instant of time is shown.

Example 15.4   Circular Motion with Constant Angular Speed 

The ball in Figure 15.13 rotates counterclockwise in a circle of radius 3.00 m with a constant angular speed of 
8.00 rad/s. At t 5 0, its shadow has an x coordinate of 2.00 m and is moving to the right.

(A)  Determine the x coordinate of the shadow as a function of time in SI units.

Conceptualize  Be sure you understand the relationship between circular motion of the ball and simple harmonic 
motion of its shadow as described in Figure 15.13. Notice that the shadow is not at is maximum position at t 5 0.

Categorize  The ball on the turntable is a particle in uniform circular motion. The shadow is modeled as a particle in simple 
harmonic motion.
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(which is why we use the same symbol). The phase constant f for simple harmonic 
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the reference circle equals the amplitude of the simple harmonic motion.
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moves in a circle of radius A with constant angular speed v. 

Ball

Screen

Turntable

0.50 m

Lamp

Figure 15.15  (Quick Quiz 
15.5) An object moves in circular 
motion, casting a shadow on the 
screen below. Its position at an 
instant of time is shown.

Example 15.4   Circular Motion with Constant Angular Speed 

The ball in Figure 15.13 rotates counterclockwise in a circle of radius 3.00 m with a constant angular speed of 
8.00 rad/s. At t 5 0, its shadow has an x coordinate of 2.00 m and is moving to the right.

(A)  Determine the x coordinate of the shadow as a function of time in SI units.

Conceptualize  Be sure you understand the relationship between circular motion of the ball and simple harmonic 
motion of its shadow as described in Figure 15.13. Notice that the shadow is not at is maximum position at t 5 0.

Categorize  The ball on the turntable is a particle in uniform circular motion. The shadow is modeled as a particle in simple 
harmonic motion.
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(which is why we use the same symbol). The phase constant f for simple harmonic 
motion corresponds to the initial angle OP makes with the x axis. The radius A of 
the reference circle equals the amplitude of the simple harmonic motion.
 Because the relationship between linear and angular speed for circular motion 
is v 5 rv (see Eq. 10.10), the particle moving on the reference circle of radius A has 
a velocity of magnitude vA. From the geometry in Figure 15.14c, we see that the x 
component of this velocity is 2vA sin(vt 1 f). By definition, point Q has a velocity 
given by dx/dt. Differentiating Equation 15.23 with respect to time, we find that the 
velocity of Q is the same as the x component of the velocity of P.
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O and has a magnitude v2/A 5 v2A. From the geometry in Figure 15.14d, we see 
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acceleration of the projected point Q along the x axis, as you can verify by taking 
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Figure 15.14  Relationship between the uniform circular motion of a point P and the simple harmonic motion of a point Q. A particle at P 
moves in a circle of radius A with constant angular speed v. 
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Figure 15.15  (Quick Quiz 
15.5) An object moves in circular 
motion, casting a shadow on the 
screen below. Its position at an 
instant of time is shown.

Example 15.4   Circular Motion with Constant Angular Speed 

The ball in Figure 15.13 rotates counterclockwise in a circle of radius 3.00 m with a constant angular speed of 
8.00 rad/s. At t 5 0, its shadow has an x coordinate of 2.00 m and is moving to the right.

(A)  Determine the x coordinate of the shadow as a function of time in SI units.

Conceptualize  Be sure you understand the relationship between circular motion of the ball and simple harmonic 
motion of its shadow as described in Figure 15.13. Notice that the shadow is not at is maximum position at t 5 0.

Categorize  The ball on the turntable is a particle in uniform circular motion. The shadow is modeled as a particle in simple 
harmonic motion.
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Equilíbrio

Se um sistema físico estiver num 
ponto de equilíbrio estável e for 
ligeiramente perturbado, o seu 

movimento será sempre um 
movimento harmónico simples em 

torno do ponto de equilíbrio!
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 o t 5 Ia   S   2ku 5 I 
d2u

dt 2  

 
d 2u

dt 2 5 2
k

I
 u  (15.29)

Again, this result is the equation of motion for a simple harmonic oscillator, with 
v 5 !k/I  and a period

 T 5 2pÅ I
k

 (15.30)

 This system is called a torsional pendulum. There is no small-angle restriction in 
this situation as long as the elastic limit of the wire is not exceeded.

15.6 Damped Oscillations
The oscillatory motions we have considered so far have been for ideal systems, that is, 
systems that oscillate indefinitely under the action of only one force, a linear restoring 
force. In many real systems, nonconservative forces such as friction or air resistance 
also act and retard the motion of the system. Consequently, the mechanical energy of 
the system diminishes in time, and the motion is said to be damped. The mechanical 
energy of the system is transformed into internal energy in the object and the retard-
ing medium. Figure 15.20 depicts one such system: an object attached to a spring 
and submersed in a viscous liquid. Another example is a simple pendulum oscillating 
in air. After being set into motion, the pendulum eventually stops oscillating due to 
air resistance. The opening photograph for this chapter depicts damped oscillations 
in practice. The spring-loaded devices mounted below the bridge are dampers that 
transform mechanical energy of the oscillating bridge into internal energy.
 One common type of retarding force is that discussed in Section 6.4, where 
the force is proportional to the speed of the moving object and acts in the direc-
tion opposite the velocity of the object with respect to the medium. This retarding 
force is often observed when an object moves through air, for instance. Because 
the retarding force can be expressed as R

S
5 2b vS (where b is a constant called the 

damping coefficient) and the restoring force of the system is 2kx, we can write New-
ton’s second law as
 o Fx = 2kx 2 bvx = max 

 2kx 2 b 
dx
dt

5 m 
d 2x
dt 2  (15.31)

The solution to this equation requires mathematics that may be unfamiliar to you; 
we simply state it here without proof. When the retarding force is small compared 
with the maximum restoring force—that is, when the damping coefficient b is 
small—the solution to Equation 15.31 is

 x 5 Ae2(b/2m)t cos (vt 1 f) (15.32)

where the angular frequency of oscillation is

 v 5 Å k
m 2 a b

2m
b2

 (15.33)

 This result can be verified by substituting Equation 15.32 into Equation 15.31. It 
is convenient to express the angular frequency of a damped oscillator in the form

 v 5 Åv0
2 2 a b

2m
b2

 

where v0 5 !k/m represents the angular frequency in the absence of a retarding 
force (the undamped oscillator) and is called the natural frequency of the system.
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Figure 15.19  A torsional 
pendulum.
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Figure 15.20  One example of 
a damped oscillator is an object 
attached to a spring and sub-
mersed in a viscous liquid.
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 Figure 15.21 shows the position as a function of time for an object oscillating in 
the presence of a retarding force. When the retarding force is small, the oscillatory 
character of the motion is preserved but the amplitude decreases exponentially in 
time, with the result that the motion ultimately becomes undetectable. Any system 
that behaves in this way is known as a damped oscillator. The dashed black lines in 
Figure 15.21, which define the envelope of the oscillatory curve, represent the expo-
nential factor in Equation 15.32. This envelope shows that the amplitude decays 
exponentially with time. For motion with a given spring constant and object mass, 
the oscillations dampen more rapidly for larger values of the retarding force.
 When the magnitude of the retarding force is small such that b/2m , v0, the 
system is said to be underdamped. The resulting motion is represented by Figure 
15.21 and the the blue curve in Figure 15.22. As the value of b increases, the ampli-
tude of the oscillations decreases more and more rapidly. When b reaches a critical 
value bc such that bc/2m 5 v0, the system does not oscillate and is said to be criti-
cally damped. In this case, the system, once released from rest at some nonequilib-
rium position, approaches but does not pass through the equilibrium position. The 
graph of position versus time for this case is the red curve in Figure 15.22.
 If the medium is so viscous that the retarding force is large compared with the 
restoring force—that is, if b/2m . v0—the system is overdamped. Again, the dis-
placed system, when free to move, does not oscillate but rather simply returns to its 
equilibrium position. As the damping increases, the time interval required for the 
system to approach equilibrium also increases as indicated by the black curve in 
Figure 15.22. For critically damped and overdamped systems, there is no angular 
frequency v and the solution in Equation 15.32 is not valid.

15.7 Forced Oscillations
We have seen that the mechanical energy of a damped oscillator decreases in 
time as a result of the retarding force. It is possible to compensate for this energy 
decrease by applying a periodic external force that does positive work on the sys-
tem. At any instant, energy can be transferred into the system by an applied force 
that acts in the direction of motion of the oscillator. For example, a child on a 
swing can be kept in motion by appropriately timed “pushes.” The amplitude of 
motion remains constant if the energy input per cycle of motion exactly equals the 
decrease in mechanical energy in each cycle that results from retarding forces.
 A common example of a forced oscillator is a damped oscillator driven by an 
external force that varies periodically, such as F(t) 5 F0 sin vt, where F0 is a constant 
and v is the angular frequency of the driving force. In general, the frequency v of 
the driving force is variable, whereas the natural frequency v0 of the oscillator is 
fixed by the values of k and m. Modeling an oscillator with both retarding and driv-
ing forces as a particle under a net force, Newton’s second law in this situation gives

 a Fx 5 max   S   F0 sin vt 2 b 
dx
dt

2 kx 5 m 
d 2x
dt 2  (15.34)

Again, the solution of this equation is rather lengthy and will not be presented. 
After the driving force on an initially stationary object begins to act, the ampli-
tude of the oscillation will increase. The system of the oscillator and the surround-
ing medium is a nonisolated system: work is done by the driving force, such that 
the vibrational energy of the system (kinetic energy of the object, elastic potential 
energy in the spring) and internal energy of the object and the medium increase. 
After a sufficiently long period of time, when the energy input per cycle from the 
driving force equals the amount of mechanical energy transformed to internal 
energy for each cycle, a steady-state condition is reached in which the oscillations 
proceed with constant amplitude. In this situation, the solution of Equation 15.34 is

 x 5 A cos (vt 1 f) (15.35)

x

t

Figure 15.22  Graphs of posi-
tion versus time for an under-
damped oscillator (blue curve), a 
critically damped oscillator (red 
curve), and an overdamped oscil-
lator (black curve).

A

x

0 t

The amplitude 
decreases as Ae!(b/2m)t.

Figure 15.21 Graph of posi-
tion versus time for a damped 
oscillator.
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 Figure 15.21 shows the position as a function of time for an object oscillating in 
the presence of a retarding force. When the retarding force is small, the oscillatory 
character of the motion is preserved but the amplitude decreases exponentially in 
time, with the result that the motion ultimately becomes undetectable. Any system 
that behaves in this way is known as a damped oscillator. The dashed black lines in 
Figure 15.21, which define the envelope of the oscillatory curve, represent the expo-
nential factor in Equation 15.32. This envelope shows that the amplitude decays 
exponentially with time. For motion with a given spring constant and object mass, 
the oscillations dampen more rapidly for larger values of the retarding force.
 When the magnitude of the retarding force is small such that b/2m , v0, the 
system is said to be underdamped. The resulting motion is represented by Figure 
15.21 and the the blue curve in Figure 15.22. As the value of b increases, the ampli-
tude of the oscillations decreases more and more rapidly. When b reaches a critical 
value bc such that bc/2m 5 v0, the system does not oscillate and is said to be criti-
cally damped. In this case, the system, once released from rest at some nonequilib-
rium position, approaches but does not pass through the equilibrium position. The 
graph of position versus time for this case is the red curve in Figure 15.22.
 If the medium is so viscous that the retarding force is large compared with the 
restoring force—that is, if b/2m . v0—the system is overdamped. Again, the dis-
placed system, when free to move, does not oscillate but rather simply returns to its 
equilibrium position. As the damping increases, the time interval required for the 
system to approach equilibrium also increases as indicated by the black curve in 
Figure 15.22. For critically damped and overdamped systems, there is no angular 
frequency v and the solution in Equation 15.32 is not valid.

15.7 Forced Oscillations
We have seen that the mechanical energy of a damped oscillator decreases in 
time as a result of the retarding force. It is possible to compensate for this energy 
decrease by applying a periodic external force that does positive work on the sys-
tem. At any instant, energy can be transferred into the system by an applied force 
that acts in the direction of motion of the oscillator. For example, a child on a 
swing can be kept in motion by appropriately timed “pushes.” The amplitude of 
motion remains constant if the energy input per cycle of motion exactly equals the 
decrease in mechanical energy in each cycle that results from retarding forces.
 A common example of a forced oscillator is a damped oscillator driven by an 
external force that varies periodically, such as F(t) 5 F0 sin vt, where F0 is a constant 
and v is the angular frequency of the driving force. In general, the frequency v of 
the driving force is variable, whereas the natural frequency v0 of the oscillator is 
fixed by the values of k and m. Modeling an oscillator with both retarding and driv-
ing forces as a particle under a net force, Newton’s second law in this situation gives

 a Fx 5 max   S   F0 sin vt 2 b 
dx
dt

2 kx 5 m 
d 2x
dt 2  (15.34)

Again, the solution of this equation is rather lengthy and will not be presented. 
After the driving force on an initially stationary object begins to act, the ampli-
tude of the oscillation will increase. The system of the oscillator and the surround-
ing medium is a nonisolated system: work is done by the driving force, such that 
the vibrational energy of the system (kinetic energy of the object, elastic potential 
energy in the spring) and internal energy of the object and the medium increase. 
After a sufficiently long period of time, when the energy input per cycle from the 
driving force equals the amount of mechanical energy transformed to internal 
energy for each cycle, a steady-state condition is reached in which the oscillations 
proceed with constant amplitude. In this situation, the solution of Equation 15.34 is

 x 5 A cos (vt 1 f) (15.35)
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curve), and an overdamped oscil-
lator (black curve).
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Qual é a altura ideal para empurrar a criança?
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frequência da força 
periódica externa
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… mas o sistema e a força periódica 
externa não estão em fase…
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