
Movimento “geral” de 
um corpo

Este movimento é na realidade a composição 
de dois movimentos distintos…



Movimento “geral” de 
um corpo

Translação

O corpo desloca-se como 
um todo, sem alterar a 

sua orientação no espaço



Movimento “geral” de 
um corpo

Rotação

Há pelo menos um 
ponto do corpo que 

não se move 
(“ponto fixo”)



Movimento “geral” de 
um corpo

Rotação

O eixo de rotação 
não tem de ser o 
mesmo durante 

todo o 
movimento…



Movimento “geral” de 
um corpo

• Numa rotação pura, o eixo de rotação 
pode ser identificado, em cada instante, 
pelo conjunto de pontos que, nesse 
instante, não se movem

• Podemos então tentar analisar um 
movimento geral de um corpo como uma 
“soma”, em cada instante, de uma 
translação com uma rotação em torno de 
um eixo “instantâneo” de rotação



Como descrever a 
translação?

• Só sabemos lidar com “pontos materiais”…

• Vamos analisar um corpo extenso como 
um conjunto de pontos materiais…

• Para já, não vamos restringir de modo 
algum o movimento dos pontos materiais

• Isto significa que o que vamos descobrir se 
aplica a qualquer corpo, mesmo que a sua 
forma se altere durante o movimento…



Centro de massa
~Fi =

d~pi
dt

Para um conjunto de partículas:
X

i

~Fi = m1
d2~r1
dt2

+m2
d2~r2
dt2

+m3
d2~r3
dt2

+ · · ·

~Fi = mi
d2~ri
dt2

~Ftotal = M
d2 ~R

dt2

Será que é possível escrever esta relação como

?

Sim, basta definir: M ~R =
X

i

mi~ri



Centro de massa
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Vetor posição do centro de 
massa do sistema de 

partículas
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Dinâmica de um sistema de partículas

Encontrámos o centro de massa de um sistema 
procurando um vetor posição cuja segunda 

derivada fosse igual à resultante de todas as forças 
que atuam num sistema de partículas dividida pela 

massa do conjunto de partículas

~Ftotal = M
d2 ~R

dt2

~Ftotal =
X

i

~Fi =
X

i

0

@~F ext
i +

X

j 6=i

~Fji

1

A=
X

i

~F ext
i +

X

i

X

j 6=i

~Fji

Forças entre as partículas Força da partícula j sobre a partícula i

Forças externas
✗

3ª Lei de Newton



Dinâmica de um sistema de partículas

O centro de massa de um sistema de partículas de massa 
total M move-se tal como se moveria um ponto material 
com a mesma massa sujeito às mesmas forças externas 

X

i

~F ext
i = M ~ACM =

d~PCM

dt

~PCM =
X

i

~pi = M ~VCM

…se a resultante das forças externas for nula, o momento 
linear do centro de massa mantém-se constante, i.e., o 

momento linear total do sistema mantém-se constante…



Determinar experimentalmente 
o centro de massa
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Example 9.13 The Center of Mass of Three Particles

A system consists of three particles located as shown in Fig-
ure 9.21a. Find the center of mass of the system.

Solution We set up the problem by labeling the masses of
the particles as shown in the figure, with m1 ! m2 ! 1.0 kg
and m3 ! 2.0 kg. Using the defining equations for the coor-
dinates of the center of mass and noting that zCM ! 0, we
obtain

Quick Quiz 9.10 A baseball bat is cut at the location of its center of mass
as shown in Figure 9.20. The piece with the smaller mass is (a) the piece on the
right (b) the piece on the left (c) Both pieces have the same mass. (d) impossible to
determine.

Figure 9.20 (Quick Quiz 9.10) A baseball bat cut at the location of its center of
mass.

4 This statement is valid only for objects that have a uniform mass per unit volume.

(9.33)

which is equivalent to the three expressions given by Equations 9.31 and 9.32.
The center of mass of any symmetric object lies on an axis of symmetry and

on any plane of symmetry.4 For example, the center of mass of a uniform rod lies in
the rod, midway between its ends. The center of mass of a sphere or a cube lies at its
geometric center.

The center of mass of an irregularly shaped object such as a wrench can be deter-
mined by suspending the object first from one point and then from another. In Figure
9.19, a wrench is hung from point A, and a vertical line AB (which can be established
with a plumb bob) is drawn when the wrench has stopped swinging. The wrench is
then hung from point C, and a second vertical line CD is drawn. The center of mass is
halfway through the thickness of the wrench, under the intersection of these two lines.
In general, if the wrench is hung freely from any point, the vertical line through this
point must pass through the center of mass.

Because an extended object is a continuous distribution of mass, each small mass
element is acted upon by the gravitational force. The net effect of all these forces is
equivalent to the effect of a single force Mg acting through a special point, called the
center of gravity. If g is constant over the mass distribution, then the center of gravity
coincides with the center of mass. If an extended object is pivoted at its center of grav-
ity, it balances in any orientation.

rCM !
1
M

 !r dm

!
3.0 kg"m

4.0 kg
! 0.75 m

!
(1.0 kg)(1.0 m) # (1.0 kg)(2.0 m) # (2.0 kg)(0)

1.0 kg # 1.0 kg # 2.0 kg

xCM !
"
i

mixi

M
!

m1x1 # m2x2 # m3x3

m1 # m2 # m3

y

x

z

ri

∆mi

rCM

CM

Figure 9.18 An extended object
can be considered to be a distribu-
tion of small elements of mass $mi .
The center of mass is located at the
vector position rCM, which has
coordinates xCM, yCM, and zCM.

A

B

C

A
B

C

D

Center of
mass

Figure 9.19 An experimental tech-
nique for determining the center
of mass of a wrench. The wrench is
hung freely first from point A and
then from point C. The intersec-
tion of the two lines AB and CD
locates the center of mass.
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Figure 9.19 An experimental tech-
nique for determining the center
of mass of a wrench. The wrench is
hung freely first from point A and
then from point C. The intersec-
tion of the two lines AB and CD
locates the center of mass.

Centro de massa Na realidade, o que 
estamos a determinar é 
o centro de gravidade…

Encontrar o ponto de 
interseção das linhas 

verticais que passam por 
diferentes pontos de 
suspensão do objeto
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Conceptual Example 9.16 The Sliding Bear

Solution Tie one end of the rope around the bear, and
then lay out the tape measure on the ice with one end at
the bear’s original position, as shown in Figure 9.25. Grab
hold of the free end of the rope and position yourself as

Suppose you tranquilize a polar bear on a smooth glacier as
part of a research effort. How might you estimate the bear’s
mass using a measuring tape, a rope, and knowledge of your
own mass?

xp xb

CM

Figure 9.25 (Conceptual Example 9.16) The center of mass of an isolated system re-
mains at rest unless acted on by an external force. How can you determine the mass of
the polar bear?

system after the breakup must also be zero. Therefore, M1v1 ! M2v2 " 0. If the velocity
of one of the fragments is known, the recoil velocity of the other fragment can be
calculated.

Figure 9.24 Multiflash pho-
tograph showing an overhead
view of a wrench moving on a
horizontal surface. The white
dots are located at the center
of mass of the wrench and
show that the center of mass
moves in a straight line as the
wrench rotates. Ri
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Quick Quiz 9.11 The vacationers on a cruise ship are eager to arrive at their
next destination. They decide to try to speed up the cruise ship by gathering at the bow
(the front) and running all at once toward the stern (the back) of the ship. While they
are running toward the stern, the speed of the ship is (a) higher than it was before
(b) unchanged (c) lower than it was before (d) impossible to determine.

Quick Quiz 9.12 The vacationers in Quick Quiz 9.11 stop running when
they reach the stern of the ship. After they have all stopped running, the speed of the
ship is (a) higher than it was before they started running (b) unchanged from what it
was before they started running (c) lower than it was before they started running
(d) impossible to determine.

Dinâmica de um sistema de partículas

O centro de massa de um sistema de partículas de massa 
total M move-se tal como se moveria um ponto material 
com a mesma massa sujeito às mesmas forças externas 



Centro de gravidade

~g

~g
~g

~g
~g

Podemos definir um ponto, o centro de gravidade, onde 
podemos “colocar” uma força gravítica de valor Mg cujo 

efeito é o mesmo da soma de todas estas forças gravíticas



Centro de gravidade

Se a aceleração da gravidade for idêntica em todos os 
pontos do corpo, o centro de gravidade coincide com o 

centro de massa do corpo

Quando o corpo é muito extenso, o centro de gravidade 
pode não coincidir com o centro de massa…



Centro de gravidade
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Corpo rígido

y

x

~ri

Partícula i

Num corpo rígido, as 
posições relativas das 

partículas constituintes não se 
alteram

Teorema de Chasles: o movimento mais geral de um corpo 
rígido é uma translação combinada com uma rotação 

Translação do corpo ☞ Movimento do centro de massa



Coordenadas angulares

293

When an extended object such as a wheel rotates about its axis, the motion cannot
be analyzed by treating the object as a particle because at any given time different parts
of the object have different linear velocities and linear accelerations. We can, however,
analyze the motion by considering an extended object to be composed of a collection
of particles, each of which has its own linear velocity and linear acceleration.

In dealing with a rotating object, analysis is greatly simplified by assuming that the
object is rigid. A rigid object is one that is nondeformable—that is, the relative loca-
tions of all particles of which the object is composed remain constant. All real objects
are deformable to some extent; however, our rigid-object model is useful in many situa-
tions in which deformation is negligible.

10.1 Angular Position, Velocity, and Acceleration

Figure 10.1 illustrates an overhead view of a rotating compact disc. The disc is rotating
about a fixed axis through O. The axis is perpendicular to the plane of the figure. Let
us investigate the motion of only one of the millions of “particles” making up the disc.
A particle at P is at a fixed distance r from the origin and rotates about it in a circle of
radius r. (In fact, every particle on the disc undergoes circular motion about O.) It is
convenient to represent the position of P with its polar coordinates (r, !), where r is
the distance from the origin to P and ! is measured counterclockwise from some
reference line as shown in Figure 10.1a. In this representation, the only coordinate
for the particle that changes in time is the angle !; r remains constant. As the particle
moves along the circle from the reference line (! " 0), it moves through an arc of
length s, as in Figure 10.1b. The arc length s is related to the angle ! through the 
relationship

(10.1a)

(10.1b)

Note the dimensions of ! in Equation 10.1b. Because ! is the ratio of an arc length
and the radius of the circle, it is a pure number. However, we commonly give ! the arti-
ficial unit radian (rad), where

Because the circumference of a circle is 2#r, it follows from Equation 10.1b that 360°
corresponds to an angle of (2#r/r) rad " 2# rad. (Also note that 2# rad corresponds

one radian is the angle subtended by an arc length equal to the radius of the arc.

! "
s
r

s " r !

Rigid object

Reference
line

(a)

O P
r

(b)

O

P

Reference
line

r s
u

Figure 10.1 A compact disc
rotating about a fixed axis through
O perpendicular to the plane of the
figure. (a) In order to define
angular position for the disc,
a fixed reference line is chosen.
A particle at P is located at a
distance r from the rotation axis
at O. (b) As the disc rotates, point
P moves through an arc length s on
a circular path of radius r.
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angular, embora não tenham 
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b
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Figure 10.8 (Example 10.4) Four spheres form an unusual baton. (a) The baton is
rotated about the y axis. (b) The baton is rotated about the z axis.

What If? What if the mass M is much larger than m? How
do the answers to parts (A) and (B) compare?

Answer If M !! m, then m can be neglected and the
moment of inertia and rotational kinetic energy in part
(B) become

Iz " 2Ma2 and KR " Ma2#2

which are the same as the answers in part (A). If the masses
m of the two red spheres in Figure 10.8 are negligible, then
these spheres can be removed from the figure and rotations
about the y and z axes are equivalent.

10.5 Calculation of Moments of Inertia

We can evaluate the moment of inertia of an extended rigid object by imagining the
object to be divided into many small volume elements, each of which has mass $mi. We 
use the definition and take the limit of this sum as $mi : 0. In this limit, 

the sum becomes an integral over the volume of the object:

(10.17)

It is usually easier to calculate moments of inertia in terms of the volume of the ele-
ments rather than their mass, and we can easily make that change by using Equation 1.1,
% " m/V, where % is the density of the object and V is its volume. From this equation, the
mass of a small element is dm " % dV. Substituting this result into Equation 10.17 gives

If the object is homogeneous, then % is constant and the integral can be evaluated for a
known geometry. If % is not constant, then its variation with position must be known to
complete the integration.

The density given by % " m/V sometimes is referred to as volumetric mass density be-
cause it represents mass per unit volume. Often we use other ways of expressing den-
sity. For instance, when dealing with a sheet of uniform thickness t, we can define a sur-
face mass density & " %t, which represents mass per unit area. Finally, when mass is
distributed along a rod of uniform cross-sectional area A, we sometimes use linear mass
density ' " M/L " %A, which is the mass per unit length.

I " ! %r 2 dV

I " lim
$mi:0

 "
i

 ri 
2$mi " ! r 

2 dm

I " "
i

 ri 

2$mi

Moment of inertia of a rigid
object
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M M
a a
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b

x
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M
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O

a

a

b

b

(b)

Figure 10.8 (Example 10.4) Four spheres form an unusual baton. (a) The baton is
rotated about the y axis. (b) The baton is rotated about the z axis.

What If? What if the mass M is much larger than m? How
do the answers to parts (A) and (B) compare?

Answer If M !! m, then m can be neglected and the
moment of inertia and rotational kinetic energy in part
(B) become

Iz " 2Ma2 and KR " Ma2#2

which are the same as the answers in part (A). If the masses
m of the two red spheres in Figure 10.8 are negligible, then
these spheres can be removed from the figure and rotations
about the y and z axes are equivalent.

10.5 Calculation of Moments of Inertia

We can evaluate the moment of inertia of an extended rigid object by imagining the
object to be divided into many small volume elements, each of which has mass $mi. We 
use the definition and take the limit of this sum as $mi : 0. In this limit, 

the sum becomes an integral over the volume of the object:

(10.17)

It is usually easier to calculate moments of inertia in terms of the volume of the ele-
ments rather than their mass, and we can easily make that change by using Equation 1.1,
% " m/V, where % is the density of the object and V is its volume. From this equation, the
mass of a small element is dm " % dV. Substituting this result into Equation 10.17 gives

If the object is homogeneous, then % is constant and the integral can be evaluated for a
known geometry. If % is not constant, then its variation with position must be known to
complete the integration.

The density given by % " m/V sometimes is referred to as volumetric mass density be-
cause it represents mass per unit volume. Often we use other ways of expressing den-
sity. For instance, when dealing with a sheet of uniform thickness t, we can define a sur-
face mass density & " %t, which represents mass per unit area. Finally, when mass is
distributed along a rod of uniform cross-sectional area A, we sometimes use linear mass
density ' " M/L " %A, which is the mass per unit length.
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I " lim
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Example 10.5 Uniform Thin Hoop

Find the moment of inertia of a uniform thin hoop of mass
M and radius R about an axis perpendicular to the plane of
the hoop and passing through its center (Fig. 10.9).

Solution Because the hoop is thin, all mass elements dm
are the same distance r ! R from the axis, and so, applying
Equation 10.17, we obtain for the moment of inertia about
the z axis through O :

Note that this moment of inertia is the same as that of a sin-
gle particle of mass M located a distance R from the axis of
rotation.

MR 
2Iz ! ! r 

2 dm ! R 2 ! dm !

y

x

R
O

dm

Figure 10.9 (Example 10.5) The mass elements dm of a
uniform hoop are all the same distance from O.

Example 10.6 Uniform Rigid Rod

Calculate the moment of inertia of a uniform rigid rod of
length L and mass M (Fig. 10.10) about an axis perpendicular
to the rod (the y axis) and passing through its center of mass.

Solution The shaded length element dx in Figure 10.10 has a
mass dm equal to the mass per unit length " multiplied by dx :

Substituting this expression for dm into Equation 10.17, with
r2 ! x2, we obtain

1
12 ML2 !

M
L

  " x 
3

3 #L/2

#L/2
!

Iy ! ! r  
 
2 dm ! !L/2

#L/2
 x 

2 
M
L

 dx !
M
L

 !L/2

#L/2
 x 

2 dx

dm ! " dx !
M
L

 dx

L

x

O
x

dx

y′ y

Figure 10.10 (Example 10.6) A uniform rigid rod of
length L. The moment of inertia about the y axis is less than
that about the y$ axis. The latter axis is examined in
Example 10.8.

Example 10.7 Uniform Solid Cylinder

A uniform solid cylinder has a radius R, mass M, and length
L. Calculate its moment of inertia about its central axis (the
z axis in Fig. 10.11).

Solution It is convenient to divide the cylinder into many
cylindrical shells, each of which has radius r, thickness dr,
and length L, as shown in Figure 10.11. The volume dV of
each shell is its cross-sectional area multiplied by its length:
dV ! LdA ! L(2%r)dr. If the mass per unit volume is &, then
the mass of this differential volume element is dm !
& dV ! 2%&Lr dr. Substituting this expression for dm into
Equation 10.17, we obtain

Because the total volume of the cylinder is %R2L, we see that
& ! M/V ! M/%R2L. Substituting this value for & into the
above result gives

Iz ! 1
2MR2

Iz ! ! r 
2 dm ! ! r 

2(2%&Lr dr) ! 2%&L !R

0
 r 

3dr ! 1
2%&LR 4

What If? What if the length of the cylinder in Figure 10.11 is
increased to 2L, while the mass M and radius R are held
fixed? How does this change the moment of inertia of the
cylinder?

L

dr

z

r

R

Figure 10.11 (Example 10.7) Calculating I about the z axis for
a uniform solid cylinder.
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Z
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Z
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rodar em torno do 

seu eixo:
I = MR2
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Moments of Inertia of Homogeneous Rigid Objects 
with Different Geometries

Table 10.2

Answer Note that the result for the moment of inertia of a
cylinder does not depend on L, the length of the cylinder.
In other words, it applies equally well to a long cylinder and

a flat disk having the same mass M and radius R. Thus, the
moment of inertia of the cylinder would not be affected by
changing its length.

Table 10.2 gives the moments of inertia for a number of objects about specific axes.
The moments of inertia of rigid objects with simple geometry (high symmetry) are rel-
atively easy to calculate provided the rotation axis coincides with an axis of symmetry.
The calculation of moments of inertia about an arbitrary axis can be cumbersome,
however, even for a highly symmetric object. Fortunately, use of an important theorem,
called the parallel-axis theorem, often simplifies the calculation. Suppose the
moment of inertia about an axis through the center of mass of an object is ICM. The
parallel-axis theorem states that the moment of inertia about any axis parallel to and
a distance D away from this axis is

(10.18)

To prove the parallel-axis theorem, suppose that an object rotates in the xy plane
about the z axis, as shown in Figure 10.12, and that the coordinates of the center of
mass are xCM, yCM. Let the mass element dm have coordinates x, y. Because this

I ! ICM " MD2Parallel-axis theorem
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Table 10.2

Answer Note that the result for the moment of inertia of a
cylinder does not depend on L, the length of the cylinder.
In other words, it applies equally well to a long cylinder and

a flat disk having the same mass M and radius R. Thus, the
moment of inertia of the cylinder would not be affected by
changing its length.

Table 10.2 gives the moments of inertia for a number of objects about specific axes.
The moments of inertia of rigid objects with simple geometry (high symmetry) are rel-
atively easy to calculate provided the rotation axis coincides with an axis of symmetry.
The calculation of moments of inertia about an arbitrary axis can be cumbersome,
however, even for a highly symmetric object. Fortunately, use of an important theorem,
called the parallel-axis theorem, often simplifies the calculation. Suppose the
moment of inertia about an axis through the center of mass of an object is ICM. The
parallel-axis theorem states that the moment of inertia about any axis parallel to and
a distance D away from this axis is

(10.18)

To prove the parallel-axis theorem, suppose that an object rotates in the xy plane
about the z axis, as shown in Figure 10.12, and that the coordinates of the center of
mass are xCM, yCM. Let the mass element dm have coordinates x, y. Because this

I ! ICM " MD2Parallel-axis theorem
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Table 10.2

Answer Note that the result for the moment of inertia of a
cylinder does not depend on L, the length of the cylinder.
In other words, it applies equally well to a long cylinder and

a flat disk having the same mass M and radius R. Thus, the
moment of inertia of the cylinder would not be affected by
changing its length.

Table 10.2 gives the moments of inertia for a number of objects about specific axes.
The moments of inertia of rigid objects with simple geometry (high symmetry) are rel-
atively easy to calculate provided the rotation axis coincides with an axis of symmetry.
The calculation of moments of inertia about an arbitrary axis can be cumbersome,
however, even for a highly symmetric object. Fortunately, use of an important theorem,
called the parallel-axis theorem, often simplifies the calculation. Suppose the
moment of inertia about an axis through the center of mass of an object is ICM. The
parallel-axis theorem states that the moment of inertia about any axis parallel to and
a distance D away from this axis is

(10.18)

To prove the parallel-axis theorem, suppose that an object rotates in the xy plane
about the z axis, as shown in Figure 10.12, and that the coordinates of the center of
mass are xCM, yCM. Let the mass element dm have coordinates x, y. Because this

I ! ICM " MD2Parallel-axis theorem
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Table 10.2

Answer Note that the result for the moment of inertia of a
cylinder does not depend on L, the length of the cylinder.
In other words, it applies equally well to a long cylinder and

a flat disk having the same mass M and radius R. Thus, the
moment of inertia of the cylinder would not be affected by
changing its length.

Table 10.2 gives the moments of inertia for a number of objects about specific axes.
The moments of inertia of rigid objects with simple geometry (high symmetry) are rel-
atively easy to calculate provided the rotation axis coincides with an axis of symmetry.
The calculation of moments of inertia about an arbitrary axis can be cumbersome,
however, even for a highly symmetric object. Fortunately, use of an important theorem,
called the parallel-axis theorem, often simplifies the calculation. Suppose the
moment of inertia about an axis through the center of mass of an object is ICM. The
parallel-axis theorem states that the moment of inertia about any axis parallel to and
a distance D away from this axis is

(10.18)

To prove the parallel-axis theorem, suppose that an object rotates in the xy plane
about the z axis, as shown in Figure 10.12, and that the coordinates of the center of
mass are xCM, yCM. Let the mass element dm have coordinates x, y. Because this

I ! ICM " MD2Parallel-axis theorem
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Answer Note that the result for the moment of inertia of a
cylinder does not depend on L, the length of the cylinder.
In other words, it applies equally well to a long cylinder and

a flat disk having the same mass M and radius R. Thus, the
moment of inertia of the cylinder would not be affected by
changing its length.

Table 10.2 gives the moments of inertia for a number of objects about specific axes.
The moments of inertia of rigid objects with simple geometry (high symmetry) are rel-
atively easy to calculate provided the rotation axis coincides with an axis of symmetry.
The calculation of moments of inertia about an arbitrary axis can be cumbersome,
however, even for a highly symmetric object. Fortunately, use of an important theorem,
called the parallel-axis theorem, often simplifies the calculation. Suppose the
moment of inertia about an axis through the center of mass of an object is ICM. The
parallel-axis theorem states that the moment of inertia about any axis parallel to and
a distance D away from this axis is

(10.18)

To prove the parallel-axis theorem, suppose that an object rotates in the xy plane
about the z axis, as shown in Figure 10.12, and that the coordinates of the center of
mass are xCM, yCM. Let the mass element dm have coordinates x, y. Because this

I ! ICM " MD2Parallel-axis theorem
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Todos estes momentos de inércia foram calculados 
assumindo que o eixo de rotação passava pelo centro de 

massa. E se não passar?

element is a distance from the z axis, the moment of inertia about the
z axis is

However, we can relate the coordinates x, y of the mass element dm to the coordinates of
this same element located in a coordinate system having the object’s center of mass as its
origin. If the coordinates of the center of mass are xCM, yCM in the original coordinate
system centered on O, then from Figure 10.12a we see that the relationships between the
unprimed and primed coordinates are x ! x" # xCM and y ! y" # yCM. Therefore,

The first integral is, by definition, the moment of inertia about an axis that is parallel
to the z axis and passes through the center of mass. The second two integrals are zero
because, by definition of the center of mass, . The last integral is sim-
ply MD2 because and D2 ! xCM

2 # yCM
2. Therefore, we conclude that

I ! ICM # MD 2

!dm ! M
!x"dm ! !y"dm ! 0

  ! ! [(x")2 # (y") 
2]dm # 2x CM ! x "dm # 2yCM ! y"dm # (xCM 

2 # yCM 
2) ! dm

 I ! ! [(x" # x CM)2 # (y" # yCM)2]dm

I ! ! r 
2 dm ! ! (x 

2 # y2)dm

r ! √x2 # y2
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Example 10.8 Applying the Parallel-Axis Theorem

Consider once again the uniform rigid rod of mass M and
length L shown in Figure 10.10. Find the moment of inertia
of the rod about an axis perpendicular to the rod through
one end (the y" axis in Fig. 10.10).

Solution Intuitively, we expect the moment of inertia to be
greater than because there is mass up to a dis-
tance of L away from the rotation axis, while the farthest dis-
tance in Example 10.6 was only L/2. Because the distance

I CM ! 1
12 ML 

2

between the center-of-mass axis and the y" axis is D ! L/2,
the parallel-axis theorem gives

So, it is four times more difficult to change the rotation of a
rod spinning about its end than it is to change the motion
of one spinning about its center.

1
3 ML2I ! ICM # MD2 ! 1

12 
ML2 # M  " L

2 #
2

!

(a)

y

x, y
dm

y′

yCM

O

D

r

y

xCM

x

xCM, yCM

x′

x

CM

(b)

Axis
through
CM

x

y

z

Rotation
axis

O CM

Figure 10.12 (a) The parallel-axis theorem: if the moment of inertia about an axis
perpendicular to the figure through the center of mass is ICM, then the moment of
inertia about the z axis is Iz ! ICM # MD2. (b) Perspective drawing showing the z axis
(the axis of rotation) and the parallel axis through the CM.
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Table 10.2

Answer Note that the result for the moment of inertia of a
cylinder does not depend on L, the length of the cylinder.
In other words, it applies equally well to a long cylinder and

a flat disk having the same mass M and radius R. Thus, the
moment of inertia of the cylinder would not be affected by
changing its length.

Table 10.2 gives the moments of inertia for a number of objects about specific axes.
The moments of inertia of rigid objects with simple geometry (high symmetry) are rel-
atively easy to calculate provided the rotation axis coincides with an axis of symmetry.
The calculation of moments of inertia about an arbitrary axis can be cumbersome,
however, even for a highly symmetric object. Fortunately, use of an important theorem,
called the parallel-axis theorem, often simplifies the calculation. Suppose the
moment of inertia about an axis through the center of mass of an object is ICM. The
parallel-axis theorem states that the moment of inertia about any axis parallel to and
a distance D away from this axis is

(10.18)

To prove the parallel-axis theorem, suppose that an object rotates in the xy plane
about the z axis, as shown in Figure 10.12, and that the coordinates of the center of
mass are xCM, yCM. Let the mass element dm have coordinates x, y. Because this

I ! ICM " MD2Parallel-axis theorem
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Table 10.2

Answer Note that the result for the moment of inertia of a
cylinder does not depend on L, the length of the cylinder.
In other words, it applies equally well to a long cylinder and

a flat disk having the same mass M and radius R. Thus, the
moment of inertia of the cylinder would not be affected by
changing its length.

Table 10.2 gives the moments of inertia for a number of objects about specific axes.
The moments of inertia of rigid objects with simple geometry (high symmetry) are rel-
atively easy to calculate provided the rotation axis coincides with an axis of symmetry.
The calculation of moments of inertia about an arbitrary axis can be cumbersome,
however, even for a highly symmetric object. Fortunately, use of an important theorem,
called the parallel-axis theorem, often simplifies the calculation. Suppose the
moment of inertia about an axis through the center of mass of an object is ICM. The
parallel-axis theorem states that the moment of inertia about any axis parallel to and
a distance D away from this axis is

(10.18)

To prove the parallel-axis theorem, suppose that an object rotates in the xy plane
about the z axis, as shown in Figure 10.12, and that the coordinates of the center of
mass are xCM, yCM. Let the mass element dm have coordinates x, y. Because this

I ! ICM " MD2Parallel-axis theorem
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Q

✓

r
�✓

r

x

y

x+�x

y +�y
~F

dW = ~F ·�~r = Fx�x+ Fy�y = �yFx�✓ + xFy�✓

⇢
�x = �y�✓
�y = x�✓

= ⌧z�✓

~⌧ = ~r ⇥ ~F

Momento da força F
em relação à origem

(torque)



Momento de uma força

m2g
m1g

d1
d2

~⌧ = ~r ⇥ ~F

|~⌧ | = |~r| ·
���~F

��� sin
✓
d
~r, ~F

◆

Ponto em relação ao qual 
vamos calcular os torques

b = |~r| sin
✓
d
~r, ~F

◆

Braço da força

(m1 +m2)g

                          : distância da linha 
de ação da força ao ponto em relação 

ao qual se calcula o torque

m1gd1 m2gd2 0

⊙ ⊗
� + = 0

m1d1 = m2d2
Direção perpendicular ao plano 
do écran, sentido para “cima”

Direção perpendicular ao plano 
do écran, sentido para “baixo”



Momento de uma força

|~⌧ | =
���~F

��� · b

~⌧ = ~r ⇥ ~F

|~⌧ | = |~r| ·
���~F

��� sin
✓
d
~r, ~F

◆

b = |~r| sin
✓
d
~r, ~F

◆

~F1

~F2

b1

���~F1

��� b1
���~F2

��� b2~⌧total =

b2

⊙ ⊙

⊙ẑ

ẑẑ+



Momento de uma força

Em qual destes pontos 
de aplicação a força 

“causa” maior torque?
1

2

3

4

5
1 > (4 = 5) > 3 > 2

As unidades SI do torque são 
N⋅m, tal como as da energia 
(1 J=1 N⋅m), mas o torque 

NÃO é uma energia

b1

b3 b4 = b5

b2 = 0



• O momento de inércia é SEMPRE 
definido em relação a um eixo (o eixo de 
rotação…) - o seu valor não é “universal”, 
depende do eixo!

• O momento de uma força é SEMPRE 
definido em relação a um ponto - o seu 
valor depende desse ponto!

• Não faz qualquer sentido falar 
destas grandezas sem indicar o 
eixo/ponto…

Momento de uma força



Momento resultante

~⌧total =
X

i

~⌧i =
X

i

~ri ⇥ ~Fi =
X

i

~ri ⇥

0

@~F ext
i +

X

j

~Fji

1

A

=
X

i

~ri ⇥ ~F ext
i +

X

ij

~ri ⇥ ~Fji

=
X

i

~ri ⇥ ~F ext
i +

X

pares ij

⇣
~ri ⇥ ~Fji + ~rj ⇥ ~Fij

⌘

=
X

i

~ri ⇥ ~F ext
i +

X

pares ij

(~ri � ~rj)⇥ ~Fji

~Fij = �~Fji

y

x

~ri
Partícula i
Partícula j ~rj

~rij ⌘ ~ri � ~rj

Esta parcela é nula se
~rij k ~Fji



Momento resultante

~⌧total =
X

i

~ri ⇥ ~F ext
i

A soma dos torques sobre um corpo rígido é igual à soma 
dos torques das forças externas se a linha de ação das 
forças internas coincidir com a linha que une as 

partículas em questão

Forma “forte” da terceira lei de Newton



Momento resultante

y

x

~ri

Partícula i

Partícula j

~rj
~rij ⌘ ~ri � ~rj

~Fij = �~Fji mas ~Fij k ~rij✗

~Fij = �~Fji e ~Fij k ~rij

Forma fraca do princípio da ação-reação

Forma forte do princípio da ação-reação



Momento angular
~⌧total =

X

i

~ri ⇥ ~F ext
i

=
X

i

~ri ⇥
d~pi
dt

=
d

dt

 
X

i

~ri ⇥ ~pi

!
�
X

i

d~ri
dt

⇥ ~pi

=
d

dt

 
X

i

~ri ⇥ ~pi

!
�
X

i

~vi ⇥ (mi~vi)

=
d~L

dt

=
X

i

~ri ⇥ ~Fi
se for válida a forma forte 

do princípio da ação-reação

✗
Momento
Angular

~L =
X

i

~̀
i =

X

i

~ri ⇥ ~pi

Em relação à 
origem…



A2

Lei das áreas

A1

r1r2

⇡ v1�t

⇡ v2�t

A1 = A2

A1 ⇡ 1

2
r1v1�t

A2 ⇡ 1

2
r2v2�t

r1v1 = r2v2

r1(mv1) = r2(mv2)

`1 = `2

~⌧~Fg
= ~r ⇥ ~Fg = 0

~Fg ~r

d~̀

dt
= 0



=
X

i

mi~ri ⇥ (~! ⇥ ~ri)~L =
X

i

~̀
i =

X

i

~ri ⇥ ~pi =
X

i

mi~ri ⇥ ~vi

~A⇥
⇣
~B ⇥ ~C

⌘
=

⇣
~A · ~C

⌘
~B �

⇣
~A · ~B

⌘
~C

=
X

i

mi

�
r2i ~! � [~ri · ~!]~ri

�

Lx =
X

i

mi

�
r2i !x � [xi!x + yi!y + zi!z]xi

�

=
X

i

mi

�
[r2i � x2

i ]!x � [xiyi]!y � [xizi]!z

�

Tensor de inércia



Tensor de inércia

Tensor de inércia
Lx =

X

i

mi

�
[r2i � x2

i ]!x � [xiyi]!y � [xizi]!z

�

Ly =
X

i

mi

�
�[xiyi]!x + [r2i � y2i ]!y � [yizi]!z

�

Lz =
X

i
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�
�[xizi]!x � [yizi]!y + [r2i � z2i ]!z

�

0

@
Lx

Ly

Lz

1
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0

@

P
i mi[r2i � x2
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P

i mi[xiyi] �
P

i mi[xizi]
�
P

i mi[xiyi]
P
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P
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P
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P
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A

0

@
!x

!y

!z

1
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Relação entre momento 
e velocidade angulares

Se o eixo de rotação NÃO coincidir com um eixo de 
simetria do corpo rígido, o momento angular 

PODE NÃO SER paralelo à velocidade angular!!!

0

@
Lx

Ly

Lz

1

A =

0

@

P
i mi[r2i � x2

i ] �
P

i mi[xiyi] �
P

i mi[xizi]
�
P

i mi[xiyi]
P

i mi[r2i � y2i ] �
P

i mi[yizi]
�
P

i mi[xizi] �
P

i mi[yizi]
P

i mi[r2i � z2i ]

1

A

0

@
!x

!y

!z

1

A

Se o eixo de rotação coincidir com um eixo 
de simetria do corpo, o momento angular É 

PARALELO à velocidade angular:
~L = I~!



Relação entre momento 
e velocidade angulares
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Bailarina

~L = I~!

~⌧total = ~⌧ ~N + ~⌧~Fg
= 0

I~!
~L = constante

~!I

=



Estações do ano

~L = I~!

~Fg

~r

~⌧~Fg
= ~r ⇥ ~Fg = 0 = constante



Perpendicular à eclíptica

Plano da eclíptica
(plano da órbita)

Eixo de rotação

Rotação da Terra em 
torno do seu eixo

Precessão dos equinócios
Na realidade, como a Terra 

não é perfeitamente esférica:
~⌧total =

X

i2Terra

~ri ⇥ ~Fg,i 6= 0

⇠ 23�

~L

O momento angular da Terra não é constante!
“Rotação” do momento 

angular da Terra em torno da 
normal à eclíptica 

(precessão)

As estações do 
ano vão “rodar”!!! 

(o período de 
“rotação” é 

~26000 anos…)



Giroscópios
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012-05327B Demonstration Gyroscope

Experiment 1: Precession
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DEMONSTRATION
GYROSCOPE

CAUTION
MAGNET

ω

mg

EQUIPMENT NEEDED

– Gyroscope (ME-8960) – meter stick
– stopwatch (SE-8702) – table clamp for pulley
– Super Pulley (ME-9450) – thread (1.5 meters)
– Pulley Mounting Rod (SA-9242) – computer (optional)
– Mass and Hanger Set (ME-9348) – Smart Pulley (optional)
– balance – Smart Pulley software (optional)

Purpose
The purpose of this experiment is to measure the precession rate of a gyroscope and com-
pare it to the theoretical value.

Theory
A torque is applied to the gyroscope by hanging a mass on the end of the shaft. This torque
causes the gyroscope to precess at a certain angular speed, Ω.

Assume that the gyroscope is initially balanced in the horizontal position, θ = 90˚. The disk
is spun at an angular speed (ω) and then a mass, m, is attached to the end of the gyroscope
shaft at a distance, d, from the axis of rotation. This causes a torque: τ = mgd. But the
torque is also equal to dL/dt, where L is the angular momentum of the disk. As shown in
Figure 1.1, for small changes in angle, dφ, dL = L dφ.

Substituting for dL in the torque equation gives

τ = mgd = dLdt = L
dφ
dt

Figure 1.1: Torque Applied to Horizontal Gyroscope
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d

⊗~⌧

~⌧ ? ~L )
( ���~L

��� é constante

~L muda de direçãod~L = ~⌧dt

O vetor momento 
angular precessa (“roda”) 

em torno da vertical

11.5 The Motion of Gyroscopes and Tops

A very unusual and fascinating type of motion you probably have observed is that of a
top spinning about its axis of symmetry, as shown in Figure 11.14a. If the top spins very
rapidly, the symmetry axis rotates about the z axis, sweeping out a cone (see Fig.
11.14b). The motion of the symmetry axis about the vertical—known as precessional
motion—is usually slow relative to the spinning motion of the top.

It is quite natural to wonder why the top does not fall over. Because the center of
mass is not directly above the pivot point O, a net torque is clearly acting on the top
about O—a torque resulting from the gravitational force Mg. The top would certainly
fall over if it were not spinning. Because it is spinning, however, it has an angular mo-
mentum L directed along its symmetry axis. We shall show that this symmetry axis
moves about the z axis (precessional motion occurs) because the torque produces a
change in the direction of the symmetry axis. This is an excellent example of the impor-
tance of the directional nature of angular momentum.

The essential features of precessional motion can be illustrated by considering the
simple gyroscope shown in Figure 11.15a. The two forces acting on the top are the
downward gravitational force Mg and the normal force n acting upward at the pivot
point O. The normal force produces no torque about the pivot because its moment
arm through that point is zero. However, the gravitational force produces a torque
! ! r " Mg about O, where the direction of ! is perpendicular to the plane formed
by r and Mg. By necessity, the vector ! lies in a horizontal xy plane perpendicular to
the angular momentum vector. The net torque and angular momentum of the gyro-
scope are related through Equation 11.13:

From this expression, we see that the nonzero torque produces a change in angular
momentum d L—a change that is in the same direction as !. Therefore, like the torque
vector, d L must also be perpendicular to L. Figure 11.15b illustrates the resulting pre-
cessional motion of the symmetry axis of the gyroscope. In a time interval dt, the
change in angular momentum is d L ! Lf " Li ! ! dt. Because d L is perpendicular to
L, the magnitude of L does not change (!Li ! ! !Lf !). Rather, what is changing is the
direction of L. Because the change in angular momentum d L is in the direction of !,
which lies in the xy plane, the gyroscope undergoes precessional motion.

! !
dL
dt

350 C H A P T E R  1 1   •   Angular Momentum

L i Lf

L

CM

O
y

z

∆L

τ

Mg

x

n

r

(a)

(b)

Figure 11.15 (a) The motion of a simple gyroscope pivoted a distance h from its center
of mass. The gravitational force Mg produces a torque about the pivot, and this torque
is perpendicular to the axle. (b) Overhead view of the initial and final angular momen-
tum vectors. The torque results in a change in angular momentum d L in a direction
perpendicular to the axle. The axle sweeps out an angle d# in a time interval dt.

Figure 11.14 Precessional motion
of a top spinning about its symme-
try axis. (a) The only external
forces acting on the top are the
normal force n and the gravita-
tional force Mg. The direction of
the angular momentum L is along
the axis of symmetry. The right-
hand rule indicates that
! ! r " F ! r " Mg is in the xy
plane. (b). The direction of $L is
parallel to that of ! in part (a). The
fact that Lf ! $L % Li indicates
that the top precesses about the z
axis.

Li

Lf

τ

n
h

O

Mg

(a) (b)

Li

LfdL

dφφ

Precessional motion



Nutação

O vetor momento angular 
nuta (“oscila”) em torno da 

“trajetória” da sua precessão

Posição do Trópico de Câncer 
na Carretera 83, no México
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Demonstration Gyroscope 012-05327B

Figure 4.2: Patterns of Resultant Nutations

(A) Released from rest (B) Released with
forward speed

(C) Released with
backward speed

Sem impulso no 
sentido da precessão

Com impulso no 
sentido da precessão

Com impulso no 
sentido contrário ao 

da precessão



y’

x’

Momento angular
Tal como para o torque, é sempre necessário indicar o 
ponto em relação ao qual se calcula o momento angular!

y

x

~ri

Partícula i

Mas há cuidados adicionais a ter…

O

~rO

~r0i
~LO =

X

i

~r0i ⇥ ~p0i

=
X

i

mi (~ri � ~rO)⇥ (~vi � ~vO)



Momento angular
~LO =

X

i

mi (~ri � ~rO)⇥ (~vi � ~vO)

d~LO

dt
=

X

i

mi
d

dt
(~ri � ~rO)⇥ (~vi � ~vO)+

+
X

i

mi (~ri � ~rO)⇥
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dt
(~vi � ~vO)

=
X

i

mi (~vi � ~vO)⇥ (~vi � ~vO)+

+
X

i

(~ri � ~rO)⇥

0

@

2

4~F ext
i +

X

j

~Fji

3

5�mi~aO

1

A

=
X

i

(~ri � ~rO)⇥ ~F ext
i �

X

i

mi (~ri � ~rO)⇥ ~aO

✗

Este 
termo 

devia ser 
nulo…



Demasiado complicado 

Momento angular
X

i

mi (~ri � ~rO)⇥ ~aO = M
⇣
~RCM � ~rO

⌘
⇥ ~aO

?
= 0

~aO = 0☞

~rO = ~RCM☞
ou

Referencial S’ é inercial… apesar 
de acompanhar o corpo rígido

Escolhe-se o centro de massa 
para calcular os momentos

☞
ou ⇣

~RCM � ~rO
⌘
k ~aO



Dinâmica do corpo rígido

~Ftotal =
X

i

~F ext
i =

d~PCM

dt

~⌧total =
X

i

~ri ⇥ ~F ext
i =

d~L

dt



• Assume-se a forma forte do princípio da ação-
reação

• Os torques e momentos angulares são calculados 
em relação ao mesmo ponto

• Esse ponto tem de ser o centro de massa ou não 
estar acelerado

• O eixo em relação ao qual se calculam os 
momentos de inércia tem de incluir o ponto em 
relação ao qual se calculam os momentos angulares 
e o torque

Dinâmica do corpo rígido



Para descrever o movimento geral de um 
corpo basta estudar o movimento do centro 

de massa e o movimento de rotação do 
corpo em torno de um eixo instantâneo de 
rotação (que, em muitos casos, passa pelo 

centro de massa…)

Algumas grandezas dinâmicas, como a energia 
cinética e o momento angular, têm um valor que 

depende dos dois “tipos” de movimento do corpo…

Dinâmica do corpo rígido



Energia cinética
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✗

Esta decomposição só é válida no CM!!!



Momento angular
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Esta decomposição só é válida no CM!!!



Disco a rolar sem deslizar

Translação Rotação

The term represents the rotational kinetic energy of the cylinder about its center
of mass, and the term represents the kinetic energy the cylinder would have if it
were just translating through space without rotating. Thus, we can say that the total
kinetic energy of a rolling object is the sum of the rotational kinetic energy about
the center of mass and the translational kinetic energy of the center of mass.

We can use energy methods to treat a class of problems concerning the rolling mo-
tion of an object down a rough incline. For example, consider Figure 10.30, which
shows a sphere rolling without slipping after being released from rest at the top of the
incline. Note that accelerated rolling motion is possible only if a friction force is pre-
sent between the sphere and the incline to produce a net torque about the center of
mass. Despite the presence of friction, no loss of mechanical energy occurs because the
contact point is at rest relative to the surface at any instant. (On the other hand, if the
sphere were to slip, mechanical energy of the sphere–incline–Earth system would be
lost due to the nonconservative force of kinetic friction.)

Using the fact that vCM ! R" for pure rolling motion, we can express Equation
10.28 as

(10.29)

For the system of the sphere and the Earth, we define the zero configuration of gravita-
tional potential energy to be when the sphere is at the bottom of the incline. Thus,
conservation of mechanical energy gives us
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2 # 0 ! 0 # Mgh
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h
x

vCM

ω

M

R

θ

Active Figure 10.30 A sphere
rolling down an incline.
Mechanical energy of the
sphere–incline–Earth system is
conserved if no slipping occurs.

At the Active Figures link
at http://www.pse6.com, you
can roll several objects down
the hill and see how the final
speed depends on the type of
object.

P ′
vCM

CM vCM

vCM
P

P ′

CM v = 0

P

v = Rω

v = Rω

(a) Pure translation (b) Pure rotation

P ′

CM

P
v = 0

v = vCM

v = vCM + Rω = 2vCM

(c) Combination of translation and rotation

ω

ω

ω

Figure 10.29 The motion of a rolling object can be modeled as a combination of pure
translation and pure rotation.
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The term represents the rotational kinetic energy of the cylinder about its center
of mass, and the term represents the kinetic energy the cylinder would have if it
were just translating through space without rotating. Thus, we can say that the total
kinetic energy of a rolling object is the sum of the rotational kinetic energy about
the center of mass and the translational kinetic energy of the center of mass.
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Using the fact that vCM ! R" for pure rolling motion, we can express Equation
10.28 as

(10.29)

For the system of the sphere and the Earth, we define the zero configuration of gravita-
tional potential energy to be when the sphere is at the bottom of the incline. Thus,
conservation of mechanical energy gives us
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Active Figure 10.30 A sphere
rolling down an incline.
Mechanical energy of the
sphere–incline–Earth system is
conserved if no slipping occurs.

At the Active Figures link
at http://www.pse6.com, you
can roll several objects down
the hill and see how the final
speed depends on the type of
object.
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(c) Combination of translation and rotation
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Figure 10.29 The motion of a rolling object can be modeled as a combination of pure
translation and pure rotation.

The term represents the rotational kinetic energy of the cylinder about its center
of mass, and the term represents the kinetic energy the cylinder would have if it
were just translating through space without rotating. Thus, we can say that the total
kinetic energy of a rolling object is the sum of the rotational kinetic energy about
the center of mass and the translational kinetic energy of the center of mass.

We can use energy methods to treat a class of problems concerning the rolling mo-
tion of an object down a rough incline. For example, consider Figure 10.30, which
shows a sphere rolling without slipping after being released from rest at the top of the
incline. Note that accelerated rolling motion is possible only if a friction force is pre-
sent between the sphere and the incline to produce a net torque about the center of
mass. Despite the presence of friction, no loss of mechanical energy occurs because the
contact point is at rest relative to the surface at any instant. (On the other hand, if the
sphere were to slip, mechanical energy of the sphere–incline–Earth system would be
lost due to the nonconservative force of kinetic friction.)

Using the fact that vCM ! R" for pure rolling motion, we can express Equation
10.28 as

(10.29)

For the system of the sphere and the Earth, we define the zero configuration of gravita-
tional potential energy to be when the sphere is at the bottom of the incline. Thus,
conservation of mechanical energy gives us
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Active Figure 10.30 A sphere
rolling down an incline.
Mechanical energy of the
sphere–incline–Earth system is
conserved if no slipping occurs.

At the Active Figures link
at http://www.pse6.com, you
can roll several objects down
the hill and see how the final
speed depends on the type of
object.
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(c) Combination of translation and rotation
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Figure 10.29 The motion of a rolling object can be modeled as a combination of pure
translation and pure rotation.

Translação e rotação
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Disco a rolar sem deslizar
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R s
θ

s = Rθ

Figure 10.27 For pure rolling motion, as
the cylinder rotates through an angle !, its center
moves a linear distance s " R!.

P

CM

Q

P ′
2vCM

vCM

Figure 10.28 All points on a
rolling object move in a direction
perpendicular to an axis through
the instantaneous point of contact
P. In other words, all points rotate
about P. The center of mass of the
object moves with a velocity vCM,
and the point P # moves with a
velocity 2vCM.

The magnitude of the linear acceleration of the center of mass for pure rolling
motion is

(10.26)

where $ is the angular acceleration of the cylinder.
The linear velocities of the center of mass and of various points on and within the

cylinder are illustrated in Figure 10.28. A short time after the moment shown in
the drawing, the rim point labeled P might rotate from the six o’clock position to, say,
the seven o’clock position, while the point Q would rotate from the ten o’clock posi-
tion to the eleven o’clock position, and so on. Note that the linear velocity of any point
is in a direction perpendicular to the line from that point to the contact point P. At
any instant, the part of the rim that is at point P is at rest relative to the surface because
slipping does not occur.

All points on the cylinder have the same angular speed. Therefore, because the dis-
tance from P# to P is twice the distance from P to the center of mass, P# has a speed
2vCM " 2R%. To see why this is so, let us model the rolling motion of the cylinder in Fig-
ure 10.29 as a combination of translational (linear) motion and rotational motion. For
the pure translational motion shown in Figure 10.29a, imagine that the cylinder does
not rotate, so that each point on it moves to the right with speed vCM. For the pure rota-
tional motion shown in Figure 10.29b, imagine that a rotation axis through the center
of mass is stationary, so that each point on the cylinder has the same angular speed %.
The combination of these two motions represents the rolling motion shown in Figure
10.29c. Note in Figure 10.29c that the top of the cylinder has linear speed
vCM & R% " vCM & vCM " 2vCM, which is greater than the linear speed of any other
point on the cylinder. As mentioned earlier, the center of mass moves with linear speed
vCM while the contact point between the surface and cylinder has a linear speed of zero.

We can express the total kinetic energy of the rolling cylinder as

(10.27)

where IP is the moment of inertia about a rotation axis through P. Applying the
parallel-axis theorem, we can substitute IP " ICM & MR2 into Equation 10.27 to obtain

or, because vCM " R%,

(10.28)K " 1
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2 & 1
2MvCM 

2

K " 1
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2 & 1
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2%2
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" R  
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dt
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Total kinetic energy of a rolling
object

Quando o corpo rola sem deslizar, podemos 
considerar que o movimento é uma rotação “pura” 

que se dá em torno de um eixo instantâneo que passa 
pelo ponto de contacto com o solo…
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• Energia mecânica 
(se não houver forças dissipativas) 

• Momento linear 
(se a resultante das forças externas for nula) 

• Momento angular 
(se o torque das forças externas for nulo)

Leis de conservação

Simetria de translação no tempo

Simetria de translação no espaço

Simetria de rotação no espaço



Equilíbrio de um corpo rígido

~Ftotal =
X

i

~F ext
i = 0Equilíbrio de translação:

~⌧total =
X

i

~ri ⇥ ~F ext
i = 0Equilíbrio de rotação:

⨁

Em geral, o torque depende do ponto em relação ao qual é 
calculado… Mas, quando a resultante das forças externas é nula:
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Forças inerciais na rotação
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Forças inerciais na rotação
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Forças inerciais na rotação
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Forças inerciais na rotação

~! y
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y’
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Resultante das forças reais

Força de Coriolis

Força “centrífuga”
Forças 
fictícias



Força de Coriolis

Flórida e Cuba Costa Sul da Austrália

~!
O ar desloca-se para um 

centro de baixas pressões…
~FCoriolis = �2m~! ⇥ ~v0



Pêndulo de Foucault
⌦z = ⌦ cos ✓

Co-latitude
(Lat=90º-θ)

Velocidade de 
rotação do plano de 
oscilação do pêndulo

Velocidade de 
rotação da Terra

Em Coimbra:

⌦z = ⌦ cos 50� ⇡ 231.4�/dia

= 9.64�/hora


