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components. The transverse displacements seen in Figure 16.4 represent the variations
in vertical position of the water elements. The longitudinal displacement can be ex-
plained as follows: as the wave passes over the water’s surface, water elements at the
highest points move in the direction of propagation of the wave, whereas elements at
the lowest points move in the direction opposite the propagation.

The three-dimensional waves that travel out from points under the Earth’s surface
along a fault at which an earthquake occurs are of both types—transverse and longitu-
dinal. The longitudinal waves are the faster of the two, traveling at speeds in the range
of 7 to 8 km/s near the surface. These are called P waves (with “P” standing for pri-
mary) because they travel faster than the transverse waves and arrive at a seismograph
(a device used to detect waves due to earthquakes) first. The slower transverse waves,
called S waves (with “S” standing for secondary), travel through the Earth at 4 to 5
km/s near the surface. By recording the time interval between the arrivals of these two
types of waves at a seismograph, the distance from the seismograph to the point of ori-
gin of the waves can be determined. A single measurement establishes an imaginary
sphere centered on the seismograph, with the radius of the sphere determined by the
difference in arrival times of the P and S waves. The origin of the waves is located
somewhere on that sphere. The imaginary spheres from three or more monitoring sta-
tions located far apart from each other intersect at one region of the Earth, and this re-
gion is where the earthquake occurred.

Consider a pulse traveling to the right on a long string, as shown in Figure 16.5.
Figure 16.5a represents the shape and position of the pulse at time t ! 0. At this time,
the shape of the pulse, whatever it may be, can be represented by some mathematical
function which we will write as y(x, 0) ! f(x). This function describes the transverse
position y of the element of the string located at each value of x at time t ! 0. Because
the speed of the pulse is v, the pulse has traveled to the right a distance vt at the time t
(Fig. 16.5b). We assume that the shape of the pulse does not change with time. Thus,
at time t, the shape of the pulse is the same as it was at time t ! 0, as in Figure 16.5a.

Active Figure 16.4 The motion of water elements on the surface of deep water in
which a wave is propagating is a combination of transverse and longitudinal displace-
ments, with the result that elements at the surface move in nearly circular paths. Each
element is displaced both horizontally and vertically from its equilibrium position.
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Figure 16.5 A one-dimensional pulse traveling to the right with a speed v. (a) At t ! 0,
the shape of the pulse is given by y ! f (x). (b) At some later time t, the shape remains
unchanged and the vertical position of an element of the medium any point P is given
by y ! f (x " vt).

At the Active Figures link at http://www.pse6.com, you can observe the
displacement of water elements at the surface of the moving waves.

Velocidade de 
propagação



• Em nenhum destes processos há 
transporte de matéria...	


• mas há transporte de energia!	


• e momento linear e angular…	


• ... e há sempre um “suporte”, isto é, um 
meio onde a onda se propaga



Numa onda mecânica (ou elástica) 
progressiva, necessitamos de:	


!

• Uma perturbação inicial	


• Um meio onde a onda se propague	


• Um mecanismo físico de “contágio”

Ondas mecânicas 
progressivas



Ondas longitudinais

Direção de 
propagação

Direção de 
“oscilação”



Ondas transversais

Direção de 
propagação

Direção de 
“oscilação”



Velocidades...

• A onda propaga-se com uma certa 
velocidade, que depende do meio	


• ... mas que NÃO está relacionada com a 
velocidade de oscilação de qualquer 
partícula do meio!



• No ar: ≈340 m/s	


• Na água: ≈1500 m/s	


• No aço: >6000 m/s	


• A velocidade de propagação depende do 
meio... Por exemplo, a velocidade de 
propagação de uma perturbação numa corda 
esticada é:

Velocidade do som

v =

�
T

µ



Como descrever matematicamente 
uma onda?

• Onda unidimensional, propagando-se ao 
longo do eixo dos xx: y(x,t)
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• Se a onda se deslocar para a esquerda:

• Então basta mudar de referencial:

x=x’+vt

y’=f(x’) y=f(x-vt)

x=x’-vt y=f(x+vt)



• Se nos deslocarmos de tal modo que 
 
x-vt = constante 
 
então estamos sempre a acompanhar o 
mesmo ponto (fase...) da onda. Se tirarmos 
a derivada desta expressão

v =
dx

dt

Velocidade de fase



u(x, t) = x� vt

y = f(x� vt)

Equação de onda
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Onda que se desloca para a direita...



Equação de onda
y = f(x+ vt)
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Onda que se desloca para a esquerda...



Equação de onda

Não podemos ter uma equação para cada 
sentido de propagação da onda...
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Funções de onda 
(ondas progressivas)

y(x, t) =
2

(x� 3t)2 + 1

y(x, t) = e�(x�5t)2

y(x, t) = 10 sin (3(x+ 2t) + ⇡)

y(x, t) = 10 sin(3x)e�10t2

Pulsos

Onda periódica

Não é uma onda progressiva!
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radial force on the element is 2T sin !. Because the element is small, ! is small, and we
can use the small-angle approximation sin ! ! !. Therefore, the total radial force is

Fr " 2T sin ! ! 2T!

The element has a mass m " # $s. Because the element forms part of a circle and sub-
tends an angle 2! at the center, $s " R(2!), we find that

m " # $s " 2#R!

If we apply Newton’s second law to this element in the radial direction, we have

This expression for v is Equation 16.18.
Notice that this derivation is based on the assumption that the pulse height is small

relative to the length of the string. Using this assumption, we were able to use the approxi-
mation sin ! ! !. Furthermore, the model assumes that the tension T is not affected by
the presence of the pulse; thus, T is the same at all points on the string. Finally, this proof
does not assume any particular shape for the pulse. Therefore, we conclude that a pulse of
any shape travels along the string with speed without any change in pulse shape.v " √T/#
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Figure 16.11 (a) To obtain the speed v of a wave on a stretched string, it is convenient
to describe the motion of a small element of the string in a moving frame of reference.
(b) In the moving frame of reference, the small element of length $s moves to the left
with speed v. The net force on the element is in the radial direction because the hori-
zontal components of the tension force cancel.

Quick Quiz 16.7 Suppose you create a pulse by moving the free end of a taut
string up and down once with your hand beginning at t " 0. The string is attached at its
other end to a distant wall. The pulse reaches the wall at time t. Which of the following
actions, taken by itself, decreases the time interval that it takes for the pulse to reach the
wall? More than one choice may be correct. (a) moving your hand more quickly, but still
only up and down once by the same amount (b) moving your hand more slowly, but still
only up and down once by the same amount (c) moving your hand a greater distance
up and down in the same amount of time (d) moving your hand a lesser distance up
and down in the same amount of time (e) using a heavier string of the same length and
under the same tension (f) using a lighter string of the same length and under the same
tension (g) using a string of the same linear mass density but under decreased tension
(h) using a string of the same linear mass density but under increased tension

A onda desloca-se para a direita 
e um observador “sentado” 

nela vê a zona a sombreado a 
deslocar-se para a esquerda
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radial force on the element is 2T sin !. Because the element is small, ! is small, and we
can use the small-angle approximation sin ! ! !. Therefore, the total radial force is

Fr " 2T sin ! ! 2T!

The element has a mass m " # $s. Because the element forms part of a circle and sub-
tends an angle 2! at the center, $s " R(2!), we find that

m " # $s " 2#R!

If we apply Newton’s second law to this element in the radial direction, we have

This expression for v is Equation 16.18.
Notice that this derivation is based on the assumption that the pulse height is small

relative to the length of the string. Using this assumption, we were able to use the approxi-
mation sin ! ! !. Furthermore, the model assumes that the tension T is not affected by
the presence of the pulse; thus, T is the same at all points on the string. Finally, this proof
does not assume any particular shape for the pulse. Therefore, we conclude that a pulse of
any shape travels along the string with speed without any change in pulse shape.v " √T/#
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Figure 16.11 (a) To obtain the speed v of a wave on a stretched string, it is convenient
to describe the motion of a small element of the string in a moving frame of reference.
(b) In the moving frame of reference, the small element of length $s moves to the left
with speed v. The net force on the element is in the radial direction because the hori-
zontal components of the tension force cancel.

Quick Quiz 16.7 Suppose you create a pulse by moving the free end of a taut
string up and down once with your hand beginning at t " 0. The string is attached at its
other end to a distant wall. The pulse reaches the wall at time t. Which of the following
actions, taken by itself, decreases the time interval that it takes for the pulse to reach the
wall? More than one choice may be correct. (a) moving your hand more quickly, but still
only up and down once by the same amount (b) moving your hand more slowly, but still
only up and down once by the same amount (c) moving your hand a greater distance
up and down in the same amount of time (d) moving your hand a lesser distance up
and down in the same amount of time (e) using a heavier string of the same length and
under the same tension (f) using a lighter string of the same length and under the same
tension (g) using a string of the same linear mass density but under decreased tension
(h) using a string of the same linear mass density but under increased tension
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As componentes tangenciais da tensão anulam-se...

... se o pulso for “pequeno”

massa por unidade de comprimento



Ondas periódicas 
sinusoidais

y(x, t) = A sin
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Amplitude

Comprimento de onda

Fase na origem



point at which the displacement of the element from its normal position is highest is
called the crest of the wave. The distance from one crest to the next is called the
wavelength ! (Greek lambda). More generally, the wavelength is the minimum dis-
tance between any two identical points (such as the crests) on adjacent waves, as
shown in Figure 16.8a.

If you count the number of seconds between the arrivals of two adjacent crests at a
given point in space, you are measuring the period T of the waves. In general, the pe-
riod is the time interval required for two identical points (such as the crests) of
adjacent waves to pass by a point. The period of the wave is the same as the period
of the simple harmonic oscillation of one element of the medium. 

The same information is more often given by the inverse of the period, which is
called the frequency f. In general, the frequency of a periodic wave is the number
of crests (or troughs, or any other point on the wave) that pass a given point in a
unit time interval. The frequency of a sinusoidal wave is related to the period by the
expression

(16.3)

The frequency of the wave is the same as the frequency of the simple harmonic oscilla-
tion of one element of the medium. The most common unit for frequency, as we
learned in Chapter 15, is second"1, or hertz (Hz). The corresponding unit for T is 
seconds.

The maximum displacement from equilibrium of an element of the medium is
called the amplitude A of the wave.

Waves travel with a specific speed, and this speed depends on the properties of the
medium being disturbed. For instance, sound waves travel through room-temperature
air with a speed of about 343 m/s (781 mi/h), whereas they travel through most solids
with a speed greater than 343 m/s.

Consider the sinusoidal wave in Figure 16.8a, which shows the position of the wave
at t # 0. Because the wave is sinusoidal, we expect the wave function at this instant to
be expressed as y(x, 0) # A sin ax, where A is the amplitude and a is a constant to be
determined. At x # 0, we see that y(0, 0) # A sin a(0) # 0, consistent with Figure
16.8a. The next value of x for which y is zero is x # !/2. Thus,

For this to be true, we must have a(!/2) # $, or a # 2$/!. Thus, the function de-
scribing the positions of the elements of the medium through which the sinusoidal
wave is traveling can be written

(16.4)

where the constant A represents the wave amplitude and the constant ! is the wave-
length. We see that the vertical position of an element of the medium is the same
whenever x is increased by an integral multiple of !. If the wave moves to the right with
a speed v, then the wave function at some later time t is

(16.5)

That is, the traveling sinusoidal wave moves to the right a distance vt in the time t, as
shown in Figure 16.7. Note that the wave function has the form f (x " vt) (Eq. 16.1). If
the wave were traveling to the left, the quantity x " vt would be replaced by x % vt, as
we learned when we developed Equations 16.1 and 16.2.
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Active Figure 16.8 (a) The wave-
length ! of a wave is the distance
between adjacent crests or adjacent
troughs. (b) The period T of a wave
is the time interval required for the
wave to travel one wavelength.
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At the Active Figures link
at http://www.pse6.com, you
can change the parameters to
see the effect on the wave
function.

▲ PITFALL PREVENTION
16.1 What’s the

Difference Between
Figure 16.8a and
16.8b?

Notice the visual similarity be-
tween Figures 16.8a and 16.8b.
The shapes are the same, but
(a) is a graph of vertical position
versus horizontal position while
(b) is vertical position versus
time. Figure 16.8a is a pictorial
representation of the wave for a
series of particles of the medium—
this is what you would see at an
instant of time. Figure 16.8b is a
graphical representation of the
position of one element of the
medium as a function of time. The
fact that both figures have the
identical shape represents Equa-
tion 16.1—a wave is the same
function of both x and t.



Comprimento de onda

Distância mínima entre dois pontos na mesma fase de 
vibração



Ondas periódicas 
sinusoidais
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point at which the displacement of the element from its normal position is highest is
called the crest of the wave. The distance from one crest to the next is called the
wavelength ! (Greek lambda). More generally, the wavelength is the minimum dis-
tance between any two identical points (such as the crests) on adjacent waves, as
shown in Figure 16.8a.

If you count the number of seconds between the arrivals of two adjacent crests at a
given point in space, you are measuring the period T of the waves. In general, the pe-
riod is the time interval required for two identical points (such as the crests) of
adjacent waves to pass by a point. The period of the wave is the same as the period
of the simple harmonic oscillation of one element of the medium. 

The same information is more often given by the inverse of the period, which is
called the frequency f. In general, the frequency of a periodic wave is the number
of crests (or troughs, or any other point on the wave) that pass a given point in a
unit time interval. The frequency of a sinusoidal wave is related to the period by the
expression

(16.3)

The frequency of the wave is the same as the frequency of the simple harmonic oscilla-
tion of one element of the medium. The most common unit for frequency, as we
learned in Chapter 15, is second"1, or hertz (Hz). The corresponding unit for T is 
seconds.

The maximum displacement from equilibrium of an element of the medium is
called the amplitude A of the wave.

Waves travel with a specific speed, and this speed depends on the properties of the
medium being disturbed. For instance, sound waves travel through room-temperature
air with a speed of about 343 m/s (781 mi/h), whereas they travel through most solids
with a speed greater than 343 m/s.

Consider the sinusoidal wave in Figure 16.8a, which shows the position of the wave
at t # 0. Because the wave is sinusoidal, we expect the wave function at this instant to
be expressed as y(x, 0) # A sin ax, where A is the amplitude and a is a constant to be
determined. At x # 0, we see that y(0, 0) # A sin a(0) # 0, consistent with Figure
16.8a. The next value of x for which y is zero is x # !/2. Thus,

For this to be true, we must have a(!/2) # $, or a # 2$/!. Thus, the function de-
scribing the positions of the elements of the medium through which the sinusoidal
wave is traveling can be written

(16.4)

where the constant A represents the wave amplitude and the constant ! is the wave-
length. We see that the vertical position of an element of the medium is the same
whenever x is increased by an integral multiple of !. If the wave moves to the right with
a speed v, then the wave function at some later time t is

(16.5)

That is, the traveling sinusoidal wave moves to the right a distance vt in the time t, as
shown in Figure 16.7. Note that the wave function has the form f (x " vt) (Eq. 16.1). If
the wave were traveling to the left, the quantity x " vt would be replaced by x % vt, as
we learned when we developed Equations 16.1 and 16.2.
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Active Figure 16.8 (a) The wave-
length ! of a wave is the distance
between adjacent crests or adjacent
troughs. (b) The period T of a wave
is the time interval required for the
wave to travel one wavelength.
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▲ PITFALL PREVENTION
16.1 What’s the

Difference Between
Figure 16.8a and
16.8b?

Notice the visual similarity be-
tween Figures 16.8a and 16.8b.
The shapes are the same, but
(a) is a graph of vertical position
versus horizontal position while
(b) is vertical position versus
time. Figure 16.8a is a pictorial
representation of the wave for a
series of particles of the medium—
this is what you would see at an
instant of time. Figure 16.8b is a
graphical representation of the
position of one element of the
medium as a function of time. The
fact that both figures have the
identical shape represents Equa-
tion 16.1—a wave is the same
function of both x and t.



Período

Duração de um ciclo completo de vibração para 
um ponto fixo qualquer 



Haverá uma relação entre período e 
comprimento de onda?

y(x, t) = f(x� vt)

= f(x + �� vt)

= f(x� v(t + T ))

= f(x + �� v(t + T ))

x� vt = x + �� v(t + T ) � = vT

f =
1

T
Recorrendo à frequência v = �f



ay(x, t) =
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2
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vy(x, t) =
@y(x, t)
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= ±A! cos (kx± !t+ ')

Velocidades de oscilação 
e de propagação

y(x, t) = A sin (kx± !t+ ')

Velocidade de 
oscilação da 

partícula em x v = ±!

k
Velocidade de 

propagação da onda



vy(0, t) = A! cos (!t+ ')

Movimento de um ponto do 
meio onde se propaga a onda

x = 0

y(x, t) = A sin (kx± !t+ ')

y(0, t) = A sin (!t+ ')

ay(0, t) = �A!2 sin (!t+ ') = �!2y(0, t)

Cada ponto executa movimento harmónico simples!

“Há” uma força de restauro elástica...



Princípio da 
sobreposição
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Esta equação é LINEAR em y(x,t)
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A onda resultante da soma de duas ondas ainda 
obedece à mesma equação de onda...



Sobreposição de ondas

• Podemos obter uma onda “somando” 
várias ondas:	


!

!

• Qualquer onda se pode escrever com a 
soma de onda sinusoidais (análise de 
Fourier)

�(x, t) =
�

i

aifi(x± vit)



Somar duas ondas

Quando duas ondas se “cruzam”, isto é, quando o mesmo 
ponto do meio é perturbado em simultâneo por duas 
ondas distintas, o resultado é uma perturbação que é a 

soma algébrica das duas perturbações

Diz-se que as duas ondas interferem



Somar duas ondas com 
a mesma fase

+A2 sin(kx� ⇥t + �)
A1 sin(kx� ⇥t + �)

= (A1 + A2) sin(kx� ⇥t + �)

Interferência construtiva



�A2 sin(kx� ⇥t + �)

Somar duas ondas em 
oposição de fase

A1 sin(kx� ⇥t + �)

= (A1 �A2) sin(kx� ⇥t + �)

Interferência destrutiva



Somar duas ondas com uma 
diferença de fase arbitrária

A sin(kx� �t)
+A sin(kx� ⇥t + �)

= 2A cos
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Somar duas ondas que se 
propagam com a mesma 

velocidade em sentido oposto

A sin(kx� �t)
+A sin(kx + �t)

= 2A sin(kx) cos(�t)

Onda estacionária

NÃO é uma onda progressiva!



Ondas estacionárias



Ondas estacionárias
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Reflexão de pulsos
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An 80.0-kg hiker is trapped on a mountain ledge following a
storm. A helicopter rescues the hiker by hovering above
him and lowering a cable to him. The mass of the cable is
8.00 kg, and its length is 15.0 m. A chair of mass 70.0 kg is
attached to the end of the cable. The hiker attaches himself
to the chair, and the helicopter then accelerates upward.
Terrified by hanging from the cable in midair, the hiker
tries to signal the pilot by sending transverse pulses up the
cable. A pulse takes 0.250 s to travel the length of the cable.
What is the acceleration of the helicopter?

Solution To conceptualize this problem, imagine the effect
of the acceleration of the helicopter on the cable. The
higher the upward acceleration, the larger is the tension in
the cable. In turn, the larger the tension, the higher is the
speed of pulses on the cable. Thus, we categorize this prob-
lem as a combination of one involving Newton’s laws and
one involving the speed of pulses on a string. To analyze the
problem, we use the time interval for the pulse to travel
from the hiker to the helicopter to find the speed of the
pulses on the cable:

v !
"x
"t

!
15.0 m
0.250 s

! 60.0 m/s

The speed of pulses on the cable is given by Equation 16.18,
which allows us to find the tension in the cable:

Newton’s second law relates the tension in the cable to the
acceleration of the hiker and the chair, which is the same as
the acceleration of the helicopter:

To finalize this problem, note that a real cable has stiffness
in addition to tension. Stiffness tends to return a wire to its
original straight-line shape even when it is not under ten-
sion. For example, a piano wire straightens if released from
a curved shape; package wrapping string does not.

Stiffness represents a restoring force in addition to ten-
sion, and increases the wave speed. Consequently, for a real
cable, the speed of 60.0 m/s that we determined is most
likely associated with a tension lower than 1.92 # 103 N and
a correspondingly smaller acceleration of the helicopter.

3.00 m/s2!

a !
T
m

$ g !
1.92 # 103 N

150.0 kg
$ 9.80 m/s2

! F ! ma 9:  T $ mg ! ma

T ! 1.92 # 103 N

v ! √ T
%
 9:  T ! %v 2 ! " 8.00 kg

15.0 m #(60.0 m/s)2

 ! √ (2.00 kg)(9.80 m/s2)(3 $ 2 cos 20&)
0.050 0 kg/m

! 21.0 m/s

 ! √ mg (3 $ 2 cos 'max)
%

 ! √ (2.00 kg)(9.80 m/s2)(cos 20&)
0.050 0 kg/m

! 19.2 m/s

vmin ! √ Tmin

%
! √ mg cos 'max

%

16.4 Reflection and Transmission

We have discussed waves traveling through a uniform medium. We now consider how a
traveling wave is affected when it encounters a change in the medium. For example,
consider a pulse traveling on a string that is rigidly attached to a support at one end as
in Figure 16.14. When the pulse reaches the support, a severe change in the medium
occurs—the string ends. The result of this change is that the pulse undergoes reflec-
tion—that is, the pulse moves back along the string in the opposite direction.

Note that the reflected pulse is inverted. This inversion can be explained as follows.
When the pulse reaches the fixed end of the string, the string produces an upward
force on the support. By Newton’s third law, the support must exert an equal-
magnitude and oppositely directed (downward) reaction force on the string. This
downward force causes the pulse to invert upon reflection.

Now consider another case: this time, the pulse arrives at the end of a string that is
free to move vertically, as in Figure 16.15. The tension at the free end is maintained be-
cause the string is tied to a ring of negligible mass that is free to slide vertically on a
smooth post without friction. Again, the pulse is reflected, but this time it is not in-
verted. When it reaches the post, the pulse exerts a force on the free end of the string,
causing the ring to accelerate upward. The ring rises as high as the incoming pulse,

Example 16.5 Rescuing the Hiker Interactive

Investigate this situation at the Interactive Worked Example link at http://www.pse6.com.

(a)

(b)

(c)

(d)

(e) Reflected
pulse

Incident
pulse

Active Figure 16.14 The reflec-
tion of a traveling pulse at the fixed
end of a stretched string. The re-
flected pulse is inverted, but its
shape is otherwise unchanged.

At the Active Figures link at http://www.pse6.com, you can adjust the linear mass
density of the string and the transverse direction of the initial pulse.

and then the downward component of the tension force pulls the ring back down. This
movement of the ring produces a reflected pulse that is not inverted and that has the
same amplitude as the incoming pulse.

Finally, we may have a situation in which the boundary is intermediate between
these two extremes. In this case, part of the energy in the incident pulse is reflected
and part undergoes transmission—that is, some of the energy passes through the
boundary. For instance, suppose a light string is attached to a heavier string, as in Fig-
ure 16.16. When a pulse traveling on the light string reaches the boundary between
the two, part of the pulse is reflected and inverted and part is transmitted to the heav-
ier string. The reflected pulse is inverted for the same reasons described earlier in the
case of the string rigidly attached to a support.

Note that the reflected pulse has a smaller amplitude than the incident pulse. In
Section 16.5, we show that the energy carried by a wave is related to its amplitude. Ac-
cording to the principle of the conservation of energy, when the pulse breaks up into a
reflected pulse and a transmitted pulse at the boundary, the sum of the energies of
these two pulses must equal the energy of the incident pulse. Because the reflected
pulse contains only part of the energy of the incident pulse, its amplitude must be
smaller.

When a pulse traveling on a heavy string strikes the boundary between the heavy
string and a lighter one, as in Figure 16.17, again part is reflected and part is transmit-
ted. In this case, the reflected pulse is not inverted.

In either case, the relative heights of the reflected and transmitted pulses depend
on the relative densities of the two strings. If the strings are identical, there is no dis-
continuity at the boundary and no reflection takes place.
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Active Figure 16.15 The reflec-
tion of a traveling pulse at the free
end of a stretched string. The re-
flected pulse is not inverted.

Figure 16.16 (a) A pulse traveling to the right on a light string attached to a heavier
string. (b) Part of the incident pulse is reflected (and inverted), and part is transmitted to
the heavier string. See Figure 16.17 for an animation available for both figures at the Ac-
tive Figures link.
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Reflected
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Active Figure 16.17 (a) A pulse traveling to the right on a heavy string attached to a lighter
string. (b) The incident pulse is partially reflected and partially transmitted, and the reflected
pulse is not inverted.
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At the Active Figures link
at http://www.pse6.com, you
can adjust the linear mass
densities of the strings and the
transverse direction of the
initial pulse.

At the Active Figures link
at http://www.pse6.com, you
can adjust the linear mass
density of the string and the
transverse direction of the
initial pulse.
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and then the downward component of the tension force pulls the ring back down. This
movement of the ring produces a reflected pulse that is not inverted and that has the
same amplitude as the incoming pulse.

Finally, we may have a situation in which the boundary is intermediate between
these two extremes. In this case, part of the energy in the incident pulse is reflected
and part undergoes transmission—that is, some of the energy passes through the
boundary. For instance, suppose a light string is attached to a heavier string, as in Fig-
ure 16.16. When a pulse traveling on the light string reaches the boundary between
the two, part of the pulse is reflected and inverted and part is transmitted to the heav-
ier string. The reflected pulse is inverted for the same reasons described earlier in the
case of the string rigidly attached to a support.

Note that the reflected pulse has a smaller amplitude than the incident pulse. In
Section 16.5, we show that the energy carried by a wave is related to its amplitude. Ac-
cording to the principle of the conservation of energy, when the pulse breaks up into a
reflected pulse and a transmitted pulse at the boundary, the sum of the energies of
these two pulses must equal the energy of the incident pulse. Because the reflected
pulse contains only part of the energy of the incident pulse, its amplitude must be
smaller.

When a pulse traveling on a heavy string strikes the boundary between the heavy
string and a lighter one, as in Figure 16.17, again part is reflected and part is transmit-
ted. In this case, the reflected pulse is not inverted.

In either case, the relative heights of the reflected and transmitted pulses depend
on the relative densities of the two strings. If the strings are identical, there is no dis-
continuity at the boundary and no reflection takes place.
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string. (b) Part of the incident pulse is reflected (and inverted), and part is transmitted to
the heavier string. See Figure 16.17 for an animation available for both figures at the Ac-
tive Figures link.
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Active Figure 16.17 (a) A pulse traveling to the right on a heavy string attached to a lighter
string. (b) The incident pulse is partially reflected and partially transmitted, and the reflected
pulse is not inverted.
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and then the downward component of the tension force pulls the ring back down. This
movement of the ring produces a reflected pulse that is not inverted and that has the
same amplitude as the incoming pulse.

Finally, we may have a situation in which the boundary is intermediate between
these two extremes. In this case, part of the energy in the incident pulse is reflected
and part undergoes transmission—that is, some of the energy passes through the
boundary. For instance, suppose a light string is attached to a heavier string, as in Fig-
ure 16.16. When a pulse traveling on the light string reaches the boundary between
the two, part of the pulse is reflected and inverted and part is transmitted to the heav-
ier string. The reflected pulse is inverted for the same reasons described earlier in the
case of the string rigidly attached to a support.

Note that the reflected pulse has a smaller amplitude than the incident pulse. In
Section 16.5, we show that the energy carried by a wave is related to its amplitude. Ac-
cording to the principle of the conservation of energy, when the pulse breaks up into a
reflected pulse and a transmitted pulse at the boundary, the sum of the energies of
these two pulses must equal the energy of the incident pulse. Because the reflected
pulse contains only part of the energy of the incident pulse, its amplitude must be
smaller.

When a pulse traveling on a heavy string strikes the boundary between the heavy
string and a lighter one, as in Figure 16.17, again part is reflected and part is transmit-
ted. In this case, the reflected pulse is not inverted.

In either case, the relative heights of the reflected and transmitted pulses depend
on the relative densities of the two strings. If the strings are identical, there is no dis-
continuity at the boundary and no reflection takes place.
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end of a stretched string. The re-
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Figure 16.16 (a) A pulse traveling to the right on a light string attached to a heavier
string. (b) Part of the incident pulse is reflected (and inverted), and part is transmitted to
the heavier string. See Figure 16.17 for an animation available for both figures at the Ac-
tive Figures link.
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Active Figure 16.17 (a) A pulse traveling to the right on a heavy string attached to a lighter
string. (b) The incident pulse is partially reflected and partially transmitted, and the reflected
pulse is not inverted.
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string. The ends of the string, because they are fixed, must necessarily have zero
displacement and are, therefore, nodes by definition. The boundary condition results
in the string having a number of natural patterns of oscillation, called normal modes,
each of which has a characteristic frequency that is easily calculated. This situation in
which only certain frequencies of oscillation are allowed is called quantization. Quan-
tization is a common occurrence when waves are subject to boundary conditions and
will be a central feature in our discussions of quantum physics in the extended version
of this text.

Figure 18.11 shows one of the normal modes of oscillation of a string fixed at
both ends. Except for the nodes, which are always stationary, all elements of the
string oscillate vertically with the same frequency but with different amplitudes of
simple harmonic motion. Figure 18.11 represents snapshots of the standing wave at
various times over one half of a period. The red arrows show the velocities of various
elements of the string at various times. As we found in Quick Quizzes 18.3 and 18.4,
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Active Figure 18.10 (a) A string of length L fixed at both ends. The normal modes of
vibration form a harmonic series: (b) the fundamental, or first harmonic; (c) the sec-
ond harmonic; (d) the third harmonic.

At the Active Figures link
at http://www.pse6.com, you
can choose the mode number
and see the corresponding
standing wave.

NN N
t = 0

(a)

(b) t = T/ 8

t = T/4(c)

t = 3T/ 8(d)

(e) t = T/ 2

Figure 18.11 A standing-wave pattern in a taut string. The five
“snapshots” were taken at intervals of one eighth of the period.
(a) At t ! 0, the string is momentarily at rest. (b) At t ! T/8,
the string is in motion, as indicated by the red arrows, and dif-
ferent parts of the string move in different directions with dif-
ferent speeds. (c) At t ! T/4, the string is moving but horizon-
tal (undeformed). (d) The motion continues as indicated.
(e) At t ! T/2, the string is again momentarily at rest, but the
crests and troughs of (a) are reversed. The cycle continues 
until ultimately, when a time interval equal to T has passed, the
configuration shown in (a) is repeated.
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through which the sound wave moves is air both inside and outside the pipe. However,
sound is a pressure wave, and a compression region of the sound wave is constrained
by the sides of the pipe as long as the region is inside the pipe. As the compression re-
gion exits at the open end of the pipe, the constraint of the pipe is removed and the
compressed air is free to expand into the atmosphere. Thus, there is a change in the
character of the medium between the inside of the pipe and the outside even though
there is no change in the material of the medium. This change in character is sufficient
to allow some reflection.

With the boundary conditions of nodes or antinodes at the ends of the air column,
we have a set of normal modes of oscillation, as we do for the string fixed at both ends.
Thus, the air column has quantized frequencies.

The first three normal modes of oscillation of a pipe open at both ends are shown
in Figure 18.18a. Note that both ends are displacement antinodes (approximately). In
the first normal mode, the standing wave extends between two adjacent antinodes,
which is a distance of half a wavelength. Thus, the wavelength is twice the length of the
pipe, and the fundamental frequency is f1 ! v/2L. As Figure 18.18a shows, the fre-
quencies of the higher harmonics are 2f1 , 3f1 , . . . . Thus, we can say that
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Figure 18.18 Motion of elements of air in standing longitudinal waves in a pipe,
along with schematic representations of the waves. In the schematic representations,
the structure at the left end has the purpose of exciting the air column into a normal
mode. The hole in the upper edge of the column assures that the left end acts as an
open end. The graphs represent the displacement amplitudes, not the pressure ampli-
tudes. (a) In a pipe open at both ends, the harmonic series created consists of all inte-
ger multiples of the fundamental frequency: f1 , 2f1 , 3f1 , . . . . (b) In a pipe closed at
one end and open at the other, the harmonic series created consists of only odd-integer
multiples of the fundamental frequency: f1 , 3f1 , 5f1 , . . . .

In a pipe open at both ends, the natural frequencies of oscillation form a harmonic
series that includes all integral multiples of the fundamental frequency.

▲ PITFALL PREVENTION
18.3 Sound Waves in Air

Are Longitudinal, not
Transverse

Note that the standing longitudi-
nal waves are drawn as transverse
waves in Figure 18.18. This is be-
cause it is difficult to draw longitu-
dinal displacements—they are in
the same direction as the propaga-
tion. Thus, it is best to interpret
the curves in Figure 18.18 as a
graphical representation of the
waves (our diagrams of string
waves are pictorial representa-
tions), with the vertical axis repre-
senting horizontal displacement
of the elements of the medium.

fn = n
v

2L
n = 1, 2, 3, . . .



through which the sound wave moves is air both inside and outside the pipe. However,
sound is a pressure wave, and a compression region of the sound wave is constrained
by the sides of the pipe as long as the region is inside the pipe. As the compression re-
gion exits at the open end of the pipe, the constraint of the pipe is removed and the
compressed air is free to expand into the atmosphere. Thus, there is a change in the
character of the medium between the inside of the pipe and the outside even though
there is no change in the material of the medium. This change in character is sufficient
to allow some reflection.

With the boundary conditions of nodes or antinodes at the ends of the air column,
we have a set of normal modes of oscillation, as we do for the string fixed at both ends.
Thus, the air column has quantized frequencies.

The first three normal modes of oscillation of a pipe open at both ends are shown
in Figure 18.18a. Note that both ends are displacement antinodes (approximately). In
the first normal mode, the standing wave extends between two adjacent antinodes,
which is a distance of half a wavelength. Thus, the wavelength is twice the length of the
pipe, and the fundamental frequency is f1 ! v/2L. As Figure 18.18a shows, the fre-
quencies of the higher harmonics are 2f1 , 3f1 , . . . . Thus, we can say that
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Figure 18.18 Motion of elements of air in standing longitudinal waves in a pipe,
along with schematic representations of the waves. In the schematic representations,
the structure at the left end has the purpose of exciting the air column into a normal
mode. The hole in the upper edge of the column assures that the left end acts as an
open end. The graphs represent the displacement amplitudes, not the pressure ampli-
tudes. (a) In a pipe open at both ends, the harmonic series created consists of all inte-
ger multiples of the fundamental frequency: f1 , 2f1 , 3f1 , . . . . (b) In a pipe closed at
one end and open at the other, the harmonic series created consists of only odd-integer
multiples of the fundamental frequency: f1 , 3f1 , 5f1 , . . . .

In a pipe open at both ends, the natural frequencies of oscillation form a harmonic
series that includes all integral multiples of the fundamental frequency.

▲ PITFALL PREVENTION
18.3 Sound Waves in Air

Are Longitudinal, not
Transverse

Note that the standing longitudi-
nal waves are drawn as transverse
waves in Figure 18.18. This is be-
cause it is difficult to draw longitu-
dinal displacements—they are in
the same direction as the propaga-
tion. Thus, it is best to interpret
the curves in Figure 18.18 as a
graphical representation of the
waves (our diagrams of string
waves are pictorial representa-
tions), with the vertical axis repre-
senting horizontal displacement
of the elements of the medium.

Ondas estacionárias num 
tubo aberto/fechado

fn = n
v

4L
n = 1, 3, 5, . . .



Somar duas ondas 
“quase iguais”

= 2A cos(�kx���t) sin(kx� �t)

A sin(k1x� �1t)
+A sin(k2x� �2t)

�k =
k1 � k2

2
�� =

�1 � �2

2� =
�1 + �2

2
k =

k1 + k2

2

Batimento



-4.8 -4 -3.2 -2.4 -1.6 -0.8 0 0.8 1.6 2.4 3.2 4 4.8

-5

-4

-3

-2

-1

1

2

3

2A cos(�k x��! t) sin(kx� !t)



Num batimento a onda organiza-se em 
grupos que se deslocam com velocidade
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A velocidade de grupo é diferente da velocidade de 
fase e obtém-se tomando o limite Δk→0
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Transporte de energia

Qual é a energia cinética de um 
segmento de corda que oscila?
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Transporte de energia

Se escolhermos um instante (t=0 ?) e integrarmos 
ao longo de um comprimento de onda...
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Transporte de energia

Ec =
1
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Se calcularmos a energia potencial 
elástica da mesma forma:
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Transporte de energia
Esta energia passa por um dado ponto da 

corda a cada período de oscilação, logo a taxa 
de transferência de energia é:
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Frente de onda

A frente de onda é o lugar geométrico 
dos pontos na mesma fase...
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Onda circular/esférica

sin(kx� !t) sin (kr � !t) kr = constante



Onda plana
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Princípio de Huygens

Cada ponto de uma frente de ondas é um centro emissor 
de ondas esféricas
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source produces the original light beam and the two slits serve only to separate the
original beam into two parts (which, after all, is what is done to the sound signal from
the side-by-side loudspeakers at the end of the preceding section). Any random change
in the light emitted by the source occurs in both beams at the same time, and as a 
result interference effects can be observed when the light from the two slits arrives at a
viewing screen.

If the light traveled only in its original direction after passing through the slits, as
shown in Figure 37.1a, the waves would not overlap and no interference pattern would
be seen. Instead, as we have discussed in our treatment of Huygens’s principle (Section
35.6), the waves spread out from the slits as shown in Figure 37.1b. In other words, the
light deviates from a straight-line path and enters the region that would otherwise be
shadowed. As noted in Section 35.3, this divergence of light from its initial line of
travel is called diffraction.

Interference in light waves from two sources was first demonstrated by Thomas
Young in 1801. A schematic diagram of the apparatus that Young used is shown in
Figure 37.2a. Plane light waves arrive at a barrier that contains two parallel slits S1 and
S2. These two slits serve as a pair of coherent light sources because waves emerging
from them originate from the same wave front and therefore maintain a constant
phase relationship. The light from S1 and S2 produces on a viewing screen a visible
pattern of bright and dark parallel bands called fringes (Fig. 37.2b). When the light
from S1 and that from S2 both arrive at a point on the screen such that constructive
interference occurs at that location, a bright fringe appears. When the light from the
two slits combines destructively at any location on the screen, a dark fringe results.
Figure 37.3 is a photograph of an interference pattern produced by two coherent
vibrating sources in a water tank.

Figure 37.4 shows some of the ways in which two waves can combine at the
screen. In Figure 37.4a, the two waves, which leave the two slits in phase, strike the
screen at the central point P. Because both waves travel the same distance, they
arrive at P in phase. As a result, constructive interference occurs at this location,
and a bright fringe is observed. In Figure 37.4b, the two waves also start in phase,
but in this case the upper wave has to travel one wavelength farther than the lower

Figure 37.1 (a) If light waves did
not spread out after passing through
the slits, no interference would
occur. (b) The light waves from the
two slits overlap as they spread out,
filling what we expect to be
shadowed regions with light and
producing interference fringes on a
screen placed to the right of the slits.

At a beach in Tel Aviv, Israel, plane water waves pass through two openings in a
breakwall. Notice the diffraction effect—the waves exit the openings with circular wave
fronts, as in Figure 37.1b. Notice also how the beach has been shaped by the circular
wave fronts.
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▲ PITFALL PREVENTION 
37.1 Interference Patterns

Are Not Standing
Waves

The interference pattern in
Figure 37.2b shows bright and
dark regions that appear similar
to the antinodes and nodes of a
standing-wave pattern on a string
(Section 18.3). While both
patterns depend on the principle
of superposition, here are two
major differences: (1) waves on a
string propagate in only one
dimension while the light-wave
interference pattern exists in
three dimensions; (2) the
standing-wave pattern represents
no net energy flow, while there is
a net energy flow from the slits to
the screen in an interference
pattern.
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 Nos esquemas da Fig. 30.3 mostra-se a propagação da onda plana do lado 
esquerdo da barreira e o aparecimento da onda esférica do lado direito. 
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Insistimos que é muito importante que a abertura d seja estreita. De modo mais 
quantitativo, digamos que d deve ser menor do que o comprimento de onda λ. Se assim 
não fosse, do lado direito do obstáculo a onda já não seria esférica.  
 No lado esquerdo da Fig. 30.4 mostra-se uma outra imagem da tina de ondas no 
caso de a abertura na barreira ser grande. A onda que se propaga do lado direito da 
barreira, que já não é esférica, pode ser vista como a sobreposição das ondículas geradas 
pelos pontos da frente de onda plana que não encontram a barreira pela frente, de acordo 
com o esquema que se apresenta na parte direita da Fig. 30.4. Estudaremos esta situação 
(difracção) mais pormenorizadamente na próxima aula para o caso de a fenda na 
barreira ser estreita (mas já não pontual).  
 

                                                 
1 Figura retirada do livro J.B. Marion e W.F. Hornyak, General Physics with Bioscience Essays, John 
Wiley & Sons, 2nd Ed., New York (1985). As Figuras 30.4, 30.5 e 30.9 desta aula foram retiradas do 
mesmo livro. 
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Interferência, experiência de Young e rede de difracção 
 
 
 Vimos, logo nas primeiras aulas, que as ondas podiam interferir, sendo a 
perturbação resultante dessa interferência, a soma das perturbações devidas a cada onda. 
Historicamente, foi precisamente o fenómeno da interferência que serviu para 
demonstrar inequivocamente o carácter ondulatório da luz.  
 Consideremos que uma onda plana incide num anteparo onde há dois pequenos 
orifícios. De acordo com o princípio de Huygens, cada um dos orifícios é uma fonte de 
ondas esféricas (de facto, circulares, a duas dimensões). A experiência pode ser feita 
numa tina de ondas e o resultado é o que se mostra na Fig. 30.5. 
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 As ondículas geradas em cada um dos orifícios vão sobrepor-se, por vezes 
construtivamente, por vezes destrutivamente...  
 A experiência foi feita por Young, em 1803, que fez incidir luz numa dupla 
fenda (experiência de Young). A Fig. 30.6 mostra as ondículas geradas em cada fenda 
estreita, representando, as curvas azuis a cheio, as “cristas” das onda e as curvas 
vermelhas a tracejado as suas “cavas”. Vai haver direcções de máxima interferência 
construtiva e direcções de total interferência destrutiva (indicadas por “claro” e “escuro” 
na Fig. 30.6). Mas para se ter este padrão é necessário que a luz (ou a onda em causa) 
seja coerente o que significa que atinja os orifícios com a mesma fase e frequência. No 
caso da Figura 30.6 a onda incidente é plana e paralela à barreira pelo que os pontos da 
frente de onda em A e B estão na mesma fase.  
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Figura 30.6 
 
 
Colocado um alvo a uma grande distância, D, das fendas, o resultado vai ser o 
aparecimento no alvo de “figuras de interferência” que, no caso da luz, será uma 
sequência de zonas claras e escuras. Por grande distância queremos significar dD >> . 
A Fig. 30.6 mostra que na direcção que passa pelo ponto médio dos orifícios, a 
interferência é construtiva (ponto O no alvo). Em suma, espera-se que o padrão de 
interferência num alvo seja uma sequência de zonas claras e escuras de acordo com o 
esquema da Fig. 30.7 (o ponto O é o centro da imagem no alvo). 
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Figura 30.7 
 
 

Vejamos como explicar quantitativamente esta sequência de claros e escuros. Na 
Fig. 30.8, os pontos A e B são os orifícios que geram as ondas esféricas de Huygens e O 
o ponto no alvo onde sabemos ocorrer interferência construtiva (zona clara). A Fig. 30.8 
não está, evidentemente, à escala, pois o alvo está muito afastado da barreira com os 
dois orifícios (repetimos: dD >> ). 
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Figura 30.8  
 
 Designamos por P um ponto do alvo onde a interferência é construtiva e por L1 e 
L2 as distâncias percorridas pelos raios que partem de A e de B e atingem P. Haverá 
interferência construtiva se a diferença entre estes dois comprimentos − segmento BC  
na figura − forem iguais, se diferirem de um comprimento de onda ou de um número 
inteiro de comprimentos de onda: 
 

,2,1,0,12 ±±==− nnLL λ    (30.1) 
 
Este critério impõe, de imediato, que O seja um ponto com interferência construtiva 
(n = 0). Insistimos no facto de a parte esquerda da Fig. 30.8 não estar à escala: de facto, 
as linhas AP e BP na realidade são praticamente paralelas. O ângulo θ  é, portanto, 
muito pequeno: 0≈θ . O triângulo APC é isósceles: os ângulos internos nos vértices A 
e C são iguais, sendo estes ângulos muito próximos de 90º. Assim, é boa aproximação 
considerar que o triângulo ABC é rectângulo em C como se mostra na parte direita da 
Fig. 30.8. Note-se que o ângulo θ  nesse triângulo é igual ao ângulo que a direcção do 

 5 

Ο
alvo

zona 
escura

zona clara

 
 
  

Figura 30.7 
 
 

Vejamos como explicar quantitativamente esta sequência de claros e escuros. Na 
Fig. 30.8, os pontos A e B são os orifícios que geram as ondas esféricas de Huygens e O 
o ponto no alvo onde sabemos ocorrer interferência construtiva (zona clara). A Fig. 30.8 
não está, evidentemente, à escala, pois o alvo está muito afastado da barreira com os 
dois orifícios (repetimos: dD >> ). 
  
 

P

B

A

C

C
B

A

d
θ

D

d

L1

L2

y

θ
O

alvo

ymax

 
 
 

Figura 30.8  
 
 Designamos por P um ponto do alvo onde a interferência é construtiva e por L1 e 
L2 as distâncias percorridas pelos raios que partem de A e de B e atingem P. Haverá 
interferência construtiva se a diferença entre estes dois comprimentos − segmento BC  
na figura − forem iguais, se diferirem de um comprimento de onda ou de um número 
inteiro de comprimentos de onda: 
 

,2,1,0,12 ±±==− nnLL λ    (30.1) 
 
Este critério impõe, de imediato, que O seja um ponto com interferência construtiva 
(n = 0). Insistimos no facto de a parte esquerda da Fig. 30.8 não estar à escala: de facto, 
as linhas AP e BP na realidade são praticamente paralelas. O ângulo θ  é, portanto, 
muito pequeno: 0≈θ . O triângulo APC é isósceles: os ângulos internos nos vértices A 
e C são iguais, sendo estes ângulos muito próximos de 90º. Assim, é boa aproximação 
considerar que o triângulo ABC é rectângulo em C como se mostra na parte direita da 
Fig. 30.8. Note-se que o ângulo θ  nesse triângulo é igual ao ângulo que a direcção do 

� � d

D � d

L2 � L1 = n�, n = 0,±1,±2, . . .



Fenda dupla

 5 

Ο
alvo

zona 
escura

zona clara

 
 
  

Figura 30.7 
 
 

Vejamos como explicar quantitativamente esta sequência de claros e escuros. Na 
Fig. 30.8, os pontos A e B são os orifícios que geram as ondas esféricas de Huygens e O 
o ponto no alvo onde sabemos ocorrer interferência construtiva (zona clara). A Fig. 30.8 
não está, evidentemente, à escala, pois o alvo está muito afastado da barreira com os 
dois orifícios (repetimos: dD >> ). 
  
 

P

B

A

C

C
B

A

d
θ

D

d

L1

L2

y

θ
O

alvo

ymax

 
 
 

Figura 30.8  
 
 Designamos por P um ponto do alvo onde a interferência é construtiva e por L1 e 
L2 as distâncias percorridas pelos raios que partem de A e de B e atingem P. Haverá 
interferência construtiva se a diferença entre estes dois comprimentos − segmento BC  
na figura − forem iguais, se diferirem de um comprimento de onda ou de um número 
inteiro de comprimentos de onda: 
 

,2,1,0,12 ±±==− nnLL λ    (30.1) 
 
Este critério impõe, de imediato, que O seja um ponto com interferência construtiva 
(n = 0). Insistimos no facto de a parte esquerda da Fig. 30.8 não estar à escala: de facto, 
as linhas AP e BP na realidade são praticamente paralelas. O ângulo θ  é, portanto, 
muito pequeno: 0≈θ . O triângulo APC é isósceles: os ângulos internos nos vértices A 
e C são iguais, sendo estes ângulos muito próximos de 90º. Assim, é boa aproximação 
considerar que o triângulo ABC é rectângulo em C como se mostra na parte direita da 
Fig. 30.8. Note-se que o ângulo θ  nesse triângulo é igual ao ângulo que a direcção do 

L2 � L1 = n�, n = 0,±1,±2, . . .

BC = L2 � L1 = d sin �

sin � � tan � =
ymax

D

�y =
�D

d

d sin � = n⇥

ymax =
n�D

d
(n = 0,±1,±2, . . .)

Posição dos máximos

Distância entre máximos

 5 

Ο
alvo

zona 
escura

zona clara

 
 
  

Figura 30.7 
 
 

Vejamos como explicar quantitativamente esta sequência de claros e escuros. Na 
Fig. 30.8, os pontos A e B são os orifícios que geram as ondas esféricas de Huygens e O 
o ponto no alvo onde sabemos ocorrer interferência construtiva (zona clara). A Fig. 30.8 
não está, evidentemente, à escala, pois o alvo está muito afastado da barreira com os 
dois orifícios (repetimos: dD >> ). 
  
 

P

B

A

C

C
B

A

d
θ

D

d

L1

L2

y

θ
O

alvo

ymax

 
 
 

Figura 30.8  
 
 Designamos por P um ponto do alvo onde a interferência é construtiva e por L1 e 
L2 as distâncias percorridas pelos raios que partem de A e de B e atingem P. Haverá 
interferência construtiva se a diferença entre estes dois comprimentos − segmento BC  
na figura − forem iguais, se diferirem de um comprimento de onda ou de um número 
inteiro de comprimentos de onda: 
 

,2,1,0,12 ±±==− nnLL λ    (30.1) 
 
Este critério impõe, de imediato, que O seja um ponto com interferência construtiva 
(n = 0). Insistimos no facto de a parte esquerda da Fig. 30.8 não estar à escala: de facto, 
as linhas AP e BP na realidade são praticamente paralelas. O ângulo θ  é, portanto, 
muito pequeno: 0≈θ . O triângulo APC é isósceles: os ângulos internos nos vértices A 
e C são iguais, sendo estes ângulos muito próximos de 90º. Assim, é boa aproximação 
considerar que o triângulo ABC é rectângulo em C como se mostra na parte direita da 
Fig. 30.8. Note-se que o ângulo θ  nesse triângulo é igual ao ângulo que a direcção do 



Fenda múltipla

 7 

posição dos máximos. Do ponto de vista prático, os máximos são muito mais nítidos e 
as manchas claras muito mais estreitas: quando há sobreposição de muitas ondas em 
fase o efeito é maior do que quando só há duas. Por outro lado, quando há pequenas 
diferenças de fase entre muitas ondas os cancelamentos que ocorrem são maiores e o 
resultado é a amplitude tornar-se nula. Se o número de fendas for muito grande temos 
uma rede de difracção e no alvo obtém-se uma sequência de riscas. A medição 
experimental de y∆  fica muito mais facilitada como se pode inferir da Fig. 30.10 que 
representa o mesmo que a Fig. 30.7 mas agora para várias fendas.  
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Figura 30.10 
 

A posição de um mínimo, ou seja de um ponto onde a interferência seja destrutiva, é 
determinada usando um raciocínio análogo ao seguido para encontrar a posição dos 
máximos. Há um mínimo quando as distâncias 1L  e 2L  diferem de meio comprimento 
de onda ou de um número inteiro de comprimentos de onda mais meio comprimento de 
onda, o que matematicamente se exprime por 
 

λλλθ
2

12
2

sin +=+= nnd   (condição de mínimo)  (30.7) 

 
que substitui a expressão (30.3). 
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 Nos esquemas da Fig. 30.3 mostra-se a propagação da onda plana do lado 
esquerdo da barreira e o aparecimento da onda esférica do lado direito. 
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Insistimos que é muito importante que a abertura d seja estreita. De modo mais 
quantitativo, digamos que d deve ser menor do que o comprimento de onda λ. Se assim 
não fosse, do lado direito do obstáculo a onda já não seria esférica.  
 No lado esquerdo da Fig. 30.4 mostra-se uma outra imagem da tina de ondas no 
caso de a abertura na barreira ser grande. A onda que se propaga do lado direito da 
barreira, que já não é esférica, pode ser vista como a sobreposição das ondículas geradas 
pelos pontos da frente de onda plana que não encontram a barreira pela frente, de acordo 
com o esquema que se apresenta na parte direita da Fig. 30.4. Estudaremos esta situação 
(difracção) mais pormenorizadamente na próxima aula para o caso de a fenda na 
barreira ser estreita (mas já não pontual).  
 

                                                 
1 Figura retirada do livro J.B. Marion e W.F. Hornyak, General Physics with Bioscience Essays, John 
Wiley & Sons, 2nd Ed., New York (1985). As Figuras 30.4, 30.5 e 30.9 desta aula foram retiradas do 
mesmo livro. 
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Se a experiência for feita com luz, tal como no caso da Fig. 31.1, mas tendo a fenda 
largura λ~d , o resultado é o aparecimento de uma sequência de zonas claras e de 
zonas escuras, sendo certo que, em frente da fenda, e como seria de esperar, há um 
máximo de intensidade luminosa. A Fig. 31.3 mostra o padrão de iluminação que se 
obtém num alvo. O máximo central é o de maior intensidade, mas existem outros 
máximos, de um e do outro lado do máximo central, com intensidades que vão 
diminuindo gradualmente. 
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largura λ~d , o resultado é o aparecimento de uma sequência de zonas claras e de 
zonas escuras, sendo certo que, em frente da fenda, e como seria de esperar, há um 
máximo de intensidade luminosa. A Fig. 31.3 mostra o padrão de iluminação que se 
obtém num alvo. O máximo central é o de maior intensidade, mas existem outros 
máximos, de um e do outro lado do máximo central, com intensidades que vão 
diminuindo gradualmente. 
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 Faremos adiante o estudo pormenorizado da difracção por uma fenda, mostrando 
então que a separação entre dois mínimos e o centro da imagem é dD /λ , sendo D a 
distância da fenda ao alvo. Na aula anterior falámos em interferência de ondas e nesta 
estamos predominantemente a utilizar o termo difracção. De facto, há quem não 
distinga os dois termos, isto é, os utilize indistintamente para descrever o mesmo 
fenómeno. Contudo, a haver distinção, ela prende-se com o número de ondas que se 
sobrepõem. No caso da experiência de Young fala-se preferencialmente em 
interferência porque só há duas ondas em sobreposição. Mas já quando há muitas fendas 
e muitas ondas a sobreporem-se utiliza-se preferivelmente o termo difracção. De resto, 
no final da última aula foi introduzido o termo “rede de difracção”. O fenómeno a que 
se refere a Fig. 31.2 é apropriadamente designado por difracção já que o padrão 
observado num alvo (Fig. 31.3) é descrito convenientemente, como veremos de seguida, 
como uma sobreposição de muitas ondas (ou melhor, ondículas de Huygens).  
 A Fig. 31.4 mostra ondas planas a incidir numa barreira onde existe uma fenda 
de largura d. Podemos imaginar nessa fenda um número N arbitrariamente elevado de 
pontos que são fonte de ondículas de Huygens e, sem perda de generalidade, podemos 
considerar que N é um número par. No caso da Fig. 31.4 representámos 10 pontos para 
concretizar ideias. A linha que passa pelo centro da fenda, que intersepta o alvo no 
ponto P, divide esses pontos em dois grupos: de 1 a N/2 e de N/2+1 a N (em concreto, 
de 1 a 5, e de 5 a 10). 
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Ora, a sobreposição das ondas geradas nos pontos 1 e N/2+1 (ponto 6 na Fig. 31.4) é 
igual à que estudámos na aula anterior a propósito da experiência de Young. Supõe-se 
que o alvo está muito longe da fenda ( dD >> ) e que, portanto, os dois raios que partem 
dos pontos 1 e 6 para o ponto P são paralelos. Esta aproximação decorre de 0≈θ  (a 
Fig. 31.4 não está à escala!). Vejamos qual é a localização do ponto P que queremos que 
seja o ponto onde se dá a primeira interferência destrutiva acima do ponto O. A 
condição de interferência destrutiva é que a diferença dos caminhos ópticos dos raios 
que saem de 1 e 6, que designamos por l, seja um semi-comprimento de onda:  
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• A velocidade de propagação de uma onda 
NÃO depende da velocidade da fonte ou 
do recetor 	


• O que se passa então quando a fonte ou o 
emissor se movem? A sirene das 
ambulâncias tem um som diferente à 
medida que elas passam por nós...
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6ª aula 
 
Sumário: 
Efeito Doppler. Fonte em movimento. Receptor em movimento. Velocidades 
supersónicas. Aplicações do efeito Doppler 
 
 
 
Efeito Doppler  
 
 Todos conhecem a modificação que ocorre no som de uma sirene de um veículo 
de emergência quando se aproxima ou se afasta de nós: fica mais agudo quando se 
aproxima e mais grave quando se afasta. Esta alteração da frequência do som (ou de 
uma onda em geral), devida ao movimento relativo da fonte e do receptor, é conhecida 
por efeito Doppler, em homenagem ao físico austríaco do século XIX Christian Doppler 
que estudou o fenómeno aprofundadamente. 
 Independentemente da velocidade da fonte ou do receptor, a velocidade de 
propagação de uma onda num meio é sempre a mesma. O som, por exemplo, propaga-se 
no ar a cerca de 340 m/s, qualquer que seja a velocidade da fonte em relação ao ar. 
 No estudo do efeito Doppler que se segue usaremos a seguinte notação: 
designamos por v a velocidade de propagação da onda no meio ( 340≈v  m/s para a 
onda sonora no ar em condições PTN); designamos por vF a velocidade da fonte 
relativamente ao meio (estático) onde a propagação se dá; finalmente, designamos por 
vR  a velocidade do receptor também em relação ao meio.  
 Em vez de considerarmos uma onda contínua do tipo sinusoidal, imaginemos 
antes que uma fonte produz pulsos com período T, que se propagam com velocidade v

 , 
como mostra a Fig 6.1. 
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Se não houver movimento relativo fonte-receptor, este receberá os impulsos com a 
mesma periodicidade com que são emitidos, ou seja, com período T. Designamos por f a 
frequência dos impulsos do ponto de vista do emissor e por 'f  a frequência do ponto de 
vista do receptor. Tem-se, por um lado, 
 

λ
vf =       (6.1) 

 
e, por outro lado, 'ff = . Vejamos então qual é a modificação da frequência que ocorre 
quando há movimento da fonte e do receptor.  
 
 
 

Pulsos emitidos de T em T segundos

f =
v

�
f � =?



Fonte em movimento

 2 

Fonte em movimento 
 
 No instante inicial é produzido o impulso I0 que começa a propagar-se com 
velocidade v [parte a) da Fig. 6.3]. Decorrido um período, T, este impulso está à 
distância vT=λ  do ponto onde foi produzido. Entretanto a fonte, durante um período 
deslocou-se de uma distância Tvd F=  como se mostra na parte b) da Fig. 6.2. É então 
produzido um novo impulso I1 que se começa a deslocar, tal como I0, com velocidade v. 
Para simplificar a análise consideramos que a velocidade da fonte é na direcção e 
sentido da velocidade de propagação da onda.  
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Na situação representada em c) decorreu mais um período, tendo a fonte avançado 2d 
relativamente à posição inicial. É claro que por causa do movimento da fonte o 
comprimento de onda (distância entre dois impulsos sucessivos), que designamos por 

'λ  vai ser menor do que o inicial, λ . Estes comprimentos de onda estão indicados 
tando na Fig. 6.2 como na Fig. 6.3, onde se mostra em paralelo o caso de fonte parada e 
de fonte em movimento.  
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Por outras palavras, para o efeito Doppler só importa a componente da velocidade da 
fonte na direcção de propagação da onda. A expressão (6.4) passa então a escrever-se 
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Receptor em movimento 
 
 Vejamos de seguida o efeito Doppler devido ao movimento do receptor. 
Poder-se-ia pensar que tanto faz que seja o receptor a aproximar-se (afastar-se) da fonte 
como esta a afastar-se (aproximar-se) do observador. Embora qualitativamente assim 
seja, quantitativamente não é, devido à existência de um meio imóvel onde se dá a 
propagação. No caso luz, como não existe esse meio (não há éter! A luz propaga-se no 
vazio) só importa o movimento relativo fonte−observador. Mas aí tem de se levar em 
conta um outro efeito (do âmbito da Teoria da Relatividade) a juntar ao efeito Doppler 
que vimos anteriormente, que é a chamada “dilatação do tempo”. 
 Consideremos frentes de onda ou os impulsos mencionados nas figuras 
anteriores separados do comprimento de onda λ . Nas circunstâncias da Fig. 6.1 em que 
fonte e receptor estão parados (não só um em relação ao outro mas também ambos em 
relação ao meio onde a propagação se dá) num intervalo de tempo t∆  o receptor recebe 

tfn ∆=  impulsos (relembra-se que a frequência é o número de impulso por unidade de 

tempo: 
t

nf
∆

= ). Este número, tvn ∆=
λ

, é aumentado para tvvn ∆+=
λ

R'  se o receptor 

viajar na direcção do emissor (ver Fig. 6.5). 
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Na Fig. 6.7 representa-se o caso em que há movimento da fonte pontual. O receptor em  
A capta a onda com menor frequência e em B capta-a com frequência maior.  
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 E se a fonte tiver uma velocidade igual à da propagação da onda? Nesse caso a 
nova perturbação é sempre produzida num sítio onde já existe perturbação! Para o som, 
esta situação corresponde a um aumento da densidade (ou da pressão) sobre uma mesma 
frente. Esta frente resulta da sobreposição, na mesma região do espaço, de várias frentes 
de onda. 
 Ainda no caso do som, se a velocidade da fonte for super-sónica essa frente 
“parte-se” em duas que fazem um ângulo θ  com a direcção do movimento como se 
mostra na Fig. 6.8.  
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E se vF ≥ v ?
Se vF=v, a perturbação é produzida 
num ponto onde já está presente...
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Na Fig. 6.7 representa-se o caso em que há movimento da fonte pontual. O receptor em  
A capta a onda com menor frequência e em B capta-a com frequência maior.  
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Ondas de choque

centered at S0 reaches a radius of vt. In this same time interval, the source travels a dis-
tance vSt to Sn. At the instant the source is at Sn , waves are just beginning to be gener-
ated at this location, and hence the wave front has zero radius at this point. The tan-
gent line drawn from Sn to the wave front centered on S0 is tangent to all other wave
fronts generated at intermediate times. Thus, we see that the envelope of these wave
fronts is a cone whose apex half-angle ! (the “Mach angle”) is given by

The ratio vS/v is referred to as the Mach number, and the conical wave front produced
when vS > v (supersonic speeds) is known as a shock wave. An interesting analogy to
shock waves is the V-shaped wave fronts produced by a boat (the bow wave) when the
boat’s speed exceeds the speed of the surface-water waves (Fig. 17.11).

Jet airplanes traveling at supersonic speeds produce shock waves, which are respon-
sible for the loud “sonic boom” one hears. The shock wave carries a great deal of en-
ergy concentrated on the surface of the cone, with correspondingly great pressure vari-
ations. Such shock waves are unpleasant to hear and can cause damage to buildings
when aircraft fly supersonically at low altitudes. In fact, an airplane flying at supersonic
speeds produces a double boom because two shock waves are formed, one from the
nose of the plane and one from the tail. People near the path of the space shuttle as it
glides toward its landing point often report hearing what sounds like two very closely
spaced cracks of thunder.

sin ! "
vt
vSt

"
v
vS
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Figure 17.11 The V-shaped bow
wave of a boat is formed because
the boat speed is greater than the
speed of the water waves it gener-
ates. A bow wave is analogous to a
shock wave formed by an airplane
traveling faster than sound. w
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Quick Quiz 17.9 An airplane flying with a constant velocity moves from a
cold air mass into a warm air mass. Does the Mach number (a) increase (b) decrease
(c) stay the same?

17.5 Digital Sound Recording

The first sound recording device, the phonograph, was invented by Thomas Edison in
the nineteenth century. Sound waves were recorded in early phonographs by encoding
the sound waveforms as variations in the depth of a continuous groove cut in tin foil
wrapped around a cylinder. During playback, as a needle followed along the groove of
the rotating cylinder, the needle was pushed back and forth according to the sound
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Solution

(A) We use Equation 17.13 to find the Doppler-shifted fre-
quency. As the two submarines approach each other, the ob-
server in sub B hears the frequency

(B) As the two submarines recede from each other, the ob-
server in sub B hears the frequency

1  385 Hz! ! 1  533 m/s "   (#9.00 m/s)
1  533 m/s # (#8.00 m/s) " (1  400 Hz) !

f $! ! v " vO

v # vS
" f

1  416 Hz! ! 1  533 m/s " ("9.00 m/s)
1  533 m/s # ("8.00 m/s) " (1 400 Hz) !

f $ ! ! v " vO

v # vS
" f

What If? While the subs are approaching each other, some
of the sound from sub A will reflect from sub B and return to
sub A. If this sound were to be detected by an observer on
sub A, what is its frequency?

Answer The sound of apparent frequency 1 416 Hz found
in part (A) will be reflected from a moving source (sub B)
and then detected by a moving observer (sub A). Thus, the
frequency detected by sub A is

This technique is used by police officers to measure the
speed of a moving car. Microwaves are emitted from the po-
lice car and reflected by the moving car. By detecting the
Doppler-shifted frequency of the reflected microwaves, the
police officer can determine the speed of the moving car.

1  432 Hz! ! 1  533 m/s "   ("8.00 m/s)
1  533 m/s #   ("9.00 m/s) " (1  416 Hz) !

f % ! ! v " vO

v # vS
" f $

At the Interactive Worked Example link at http://www.pse6.com, you can alter the relative speeds of the submarines and ob-
serve the Doppler-shifted frequency.

Shock Waves

Now consider what happens when the speed vS of a source exceeds the wave speed v.
This situation is depicted graphically in Figure 17.10a. The circles represent spherical
wave fronts emitted by the source at various times during its motion. At t ! 0, the
source is at S0, and at a later time t, the source is at Sn. At the time t, the wave front

Figure 17.10 (a) A representation of a shock wave produced when a source moves
from S0 to Sn with a speed vS , which is greater than the wave speed v in the medium.
The envelope of the wave fronts forms a cone whose apex half-angle is given by
sin & ! v/vS . (b) A stroboscopic photograph of a bullet moving at supersonic speed
through the hot air above a candle. Note the shock wave in the vicinity of the bullet. 
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Polarização

Só para ondas 
transversais!

Direção	  de	  
propagação


